ooooogo

oboobobbon
oo oo

ob21050230






goog

goboooobobooobooobbooobooobooobobooooon
ooboobobooobooboooobbooooooboooooooon
goboobooooboooooooboobooooobooooooooooo
goboooboooooooboobooobbooooobooobooobooon
oobooobooooooobooooobooooboooooooboooon
gboooboobooooobooog



ii ood

a o

1O oooooood] 1
(L1 Maxwell OO O] . .. .o 1
2 oooooooooO] . ... ... 2
(1.3 Rayleigh O . . ... .. ... ... . ... ... .. .... 8
LA oOoOooool . ... 15
B 0ooooooOl]. . ........ ... . ... ..... 16
[L.LC MaxwelOOOOOO] . .. .. oo 17

20 oooooo] 23
2.1 000 . . oot 23
2.2 2000 . ... 32
3 D000 ... ... 35
R4 COOOO] ... . 38
5 OO0 . . oo 47

3O oooooo) 55
Bl OO0 . . . e e 57
B2 ODOoOoOOOO]........ ... . .. ... ... ... 61
.3 02000 (OCOO000O00) ... ............ 71
B4 TCOOOO] . ... ... 73
[3.A McMillan-Mayer OO|. . . . .. . ... ... ... ..... 82
BB OO0 . . oot 88

40 ooooooooo] 93
M1 0OOOoOOl ... ... 93
k2 OOODODOOOOOOO]. ... .. 95
L3 0OoO0oO0OoO0OoO0OO0l @ ... 101

5O ooooo] 109
5.1 0000, . ..o 109

F2 Ccoooool......... .. .., 114




0od iii

............................ 116
4 0OODODODOOOO] .. ... ... ... ... 120
b.A OOOOOO] ... ... .. 124
E.B fO00D0OOO] .. ..o 129
6 O Miscellaneal 135
6.1 CoOoOoOoOoOoOoOoOO]. .. ... ... ... 137
62 oOoOODOOOOOl . ... .. . 144

6.3 OOODOf. . . ..o 151






10 O0oOOooogoao

0000000000000000 MaxwelDODOOOOOOOODO!

1.1 MaxwellO OO

0000000 MaxwellOODOOOOO

10D A
H--22 _ 7, 1.1
VRS E o T (1.1)

10B

E+-22 _ 1.2
VxE+Z5 =0 (1.2)
7 D = drj (1.3)
v-B=0 (1.4)

Ooo0oHOODODOOOOOEOOOOOOOODOOOOOOBOOO
oo0joo0D0O00p000O0DOcODOOOOOODOOOOOOOD,B,j
oooobooooon

D =cE (1.5)
B=iH (1.6)
j=0E (1.7)

boboobooobobOobobebb0OO0ObOpbOO0Ob0OO0OsODOOODOOODO
obooobod p=10c=00000



2 10 0O00OO0DbOo0OO

011000000000

1.2 0J000O00ooobo

ooboobooobOoobOoooobooobbobOooooboboOon 0o
0000 ¢Y 0000000000 PO

P=qr (1.8)

oooono
00000 ROODAOQOODODOOOOOOOOOOOOOOOOOOO
O0ec0000OR>»YO0OD0OR~r (r000 Y00 AODOOOOOD)
O000oo0O0O000Dbo0o0 jooonog pO
. OP
1=

p=—-v-P (1.10)

00000 @00 @CN00 00 @@ 00000000000
0oooo

(1.9)

. 4.

vang:AgP (1.11)
1.

v xE+-H=0 (1.12)
&
4

v E= v P (1.13)

€



1.2 0000000000 3

v-H=0 (1.14)

0000 -=9/0t000000000
O00ooo0o0o0ooobooo A0oQgoo

H=VxA (1.15)
000000 @DId00O0000000 @I2)ooo
1.
me+EAﬁm (1.16)
000000000000 00D0D000O ¢0000
1.
E=-—-A-V¢ (1.17)

000000 (@O0000000000
000000 CID0 @C3)ooo

. . 41 .
VA - SA-V(V-A+Sh)=-Tp (1.18)
C C C
9 e~ 10 € - 4
- — Z(V-A+-¢p)=_—"_-V-P 1.1
V26— 50+ 25 (V A+ =d)=—V (1.19)

0000000000000 00 @I—-@CIdoo H, EQDOO0OOOO
Lorentz O O

V-A+§¢=0 (1.20)
0000 ADQ ¢O
.. 41 .
VA - SA=-""p (1.21)
C (&
9 € Adm
0000000000000
0000 )
A=_II (1.23)
C

_ 1o (1.24)
€



4 10 0O00OO0DbOo0OO

00000 Hertz0OODO NOO0O0000Lorentz 00 ((20) 0000
000 (200 (C22)000

VI — C%H — —47P (1.25)

0000000000
P(t—r/d
oo Bt=r/d) (1.26)
T

O0000ob000obobed POOOODOOODODOOOOO

HertzOOOO (200 0000000000O00O0OOOOOPO
P =P(t)o(r)e (1.27)

00000 e, 000 4(r,t) 000000 @) 00

e 0?

V23(r, t) — gﬁw(r,t) = —47P(t)5(r) (1.28)
000000 Fourier OO
P(r,w) = - Y(r, t)exp(—iwt)dt (1.29)
Pw) = / - P(t)exp(—iwt)dt (1.30)
00000 @20 B
V2 (r,w) + k2 (r,w) = —47P(w)d(r) (1.31)
0000000000
k* = ew? /& (1.32)

oood
v O00O0U0DO0O0O0000000O0o00ooo @3Mo

1 a2

S () + k2 = —4n P(w)(r) (1.33)



1.2 0000000000 5

00000r#00000000000000000rp=Af(r)0000
f(r)0DO00O000f(r) =exp(—ikr) 00000000

exp(—ikr)

p=A (1.34)

r

O00000ADOO0O09 00 @33)000000000000000
0000 Ar000000000 (@3M000000

Ar

Ar
/ V2 (r)dv + k‘z/ Yarridr = —4nP(w) d(r)dr
1% 0 0
Ar

= / a—wds+4wk2 Yridr
s or 0
= —4mw A(ikAr 4 1)~ FAT

AT AK? [ 1 1 .
— (A T \a—ikATr
ik Lk (Ar e }

good
g—f:—%(ikr—kl)e_ikr
OO00O0D0D0Ar—000D00O0O0O00O
—4rA = —47nP(w)

O000A=Pw)000O0OO0O0OOOO

exp(—ikr)

U(r.w) = P@) =0 o
0000 Fourier 000
o0 = 5 [ P2 e
- L[ el /), 1
2T —00 "

ooo
P(r,t) =Pt —r/c)/r (1.37)



6 10 0O00OO0DbOo0OO

000000e,e, 00000006 000000000000 300
00000000 (@) 0000

H:@elﬂ or DH:% (1.38)

00000000000000¢d 0000 e00000O0O0OOOODOOO
oooooo 20000

d=¢/n, e=n? (1.39)
00000 IHH0 @CINo @C23) 0 @29 ooo
H— v I (1.40)
C
1 4
E=-VxVxIl——P (1.41)
€ €
0000000000 (r£#0)000P=0000000
E = 1V(v IT) — L (1.42)
e 2 '

00000 @200 (400 () 0000000000000000

B 1[1‘ X (;'/2>;3{P}) L (r x {Pé},:; or(r - {P})
LEX (r x {P}7),5+ 2r(r - {P})] (1.43)
)
DO0O0r>A (2 00)000
EZ%QQ%%ED (1.45)
o X P (1.46)

cc'r?



1.2 0000000000

0120000«

0 @@ 0 (600000000000

r = e, +ye, +ze., 1= (22 +y?+22)/?

rPOOOOODOODOOO

P = const.e™?

P=iwP, P=iwP, w=2r&/\

gooo

P A

2|
P

r i 2mr

T|P

goooboobobogoo
H_é<{P}+{P}>(exr)

r3 &2




8 10 0O00OO0DbOo0OO

0130000000

€ 705 5/’1"4 5/27“3 7”3 5'7‘2 5/27“

E:1<3{P} NG {P}>(e_r)r_1({P} AP {P})e

1.3 Rayleigh O

00000000 0OD0Rayleigh RyODODOOO
PO:x000000r000000D0000 e 02xz000 r0D00ODO0O
ooe, 0000
r=re, (1.47)

e = coste, —sinf, ep, (1.48)

00000000000 Cd&A) 00

(1.49)

By, = (P)sint), (1.50)



1.3 Rayleigh O

0000000000 (46 00

{P}siné,
H=Y1""e =@ 1.51
% = Heey (1.51)
{P}sing, _
Hy="2""% _§F, 1.52
oooao
r00000000000000000000 PoyntingDOODO SO
¢
S=—ExH 1.53
1B (1.53)
oooooo )
né n{P}?sin?6,
S=—F2e,=—J)_""— "¢, 1.54
Az 0:° drer2 © (1.54)
000000000000000
_ fAé——s @c
S=—EF2=_"] 1.55
4 Oe 8 ( )

SOooogoo

S= iE(t) < H(1)

googooboogno

E(t) x H(t) = Re(Eoei“t) x Re(Hoe?)
1 : . - .
1(:Eoeuut + Eoefzwt) X (Hoezwt + Hoefzwt)

1
= §(Eo x Hy)

oooooooOosooOooooo0oooobOoooOooooon

~ 4 2EO 2
- 27:}53 @ —y—sin®fzcos?w(t — r/¢) ol




10 10 0O00OO0DbOo0OO

gooboobgn

1 27 9 1 271'1 1
— dp = — —(1 2p)dp = —
277/0 cos”pdyp 27?/0 5(1+cos2p)dp = 5

go

wt a2EQ 2
2

F:

.2
~ sin“6,,
8med  r

I =2E20 Ey, = Egg,exp(iwt) 1000000
Eei = EoeszOsz(wt — a), m — 1/2

00
I = Ey;.

good

0000 0000000000000 00000000O0RE? =

exp(iwt) (:00)0000
P = aE exp(iwt)

0000000000000 D000000000 (@B OO0

ind
Ey, = —SlgiwaOonOeXp[iw(t —r/d)]
ér
00000000000 (C56) 00
, 1674 sin?6,,
2

0000000000000000 Ih=(E)?00

I =a*(Ey)

I 167 ,sin®0,
I, A YT

oooono

(1.56)

0
Ey x

(1.57)

(1.58)

(1.59)

(1.60)



1.3 Rayleigh O 11

0140000

0000000 (000)00000000000 :000000E°0
POxO0O0yODOOOOODOODOODOO

- nc 2 2
S = (B + Byle, (1.61)
agood . .
= nc -3 =3\ _ nc
S=EF+EN =11 (1.62)
gooobobobogoo
1= 2B + B = (Bod. + Eud) (1.63)
0000 =2EL)?00
I 8rta? | ) 8rta’?
TO = W(Snﬁ% —+ Sln29y) = W(l =+ COSQQ) (164)

00000000000000A0 Y0 0 (COOOO)O00OOOOOO
googooboogo

0@ 002000000000000

22 + 2% = sin®6,



12 10 0O00OO0DbOo0OO

P+ 2% = sin29y

4y’ + 22 =1

z = cosf

sin®0, + sin29y =1+ cos?6

0000 voOoNOOOODOOOOoOooOoOooooooooo
I 8rta?
70 T a2

00000000 RayleighO Ry O

N(1 + cos?6) (1.65)

1 r?
Rzii 1.66
o VIy1+ cos20 ( )
ogoooooboboooo
8rta? N 8mta?
= — = 1.
=" vy="x (1.67)
O0000O0p=N/VOOOOOODOUOOOOO
JooddobDbeb0O0OOO0Oogog
€ — €g = 4mpa (1.68)

U0000e eOO00DO000O00DOO0ODOOOOO0OO0ODbO0OODOO

o= i (g;) (1.69)



1.3 Rayleigh O 13

O000e=a200000

M _ [(0n

0000000 NOUOODOO (p)0000O0O0oooono

D=E+47P, P =Np

D =cE
oo
E:47TNP
e—1
agood
0000000 000000 100000000 E'O
4
E’:E+§NP, P = oF
oo
P aoE _ 4rNa p
1—(4r/3)Nao (e —1)[1 — (47/3)Na]
ogoooood

1+ (87/3)Na
‘T 1-(4n/3)Na

3 e—1
o= ———
47N € + 2

O000e=a%200




14 10 0O00OO0DbOo0OO

0000 Lorentz-LorenzOO OO OO
1000000
6—1_47'('

€+ 2 —?pa

O0O0O0ON-—-p0D0000D0O p0OD0OO000OD (DO0D0O0e—1),

o[ ()
3 (e+2)>\9p/ | p—o(e=1)

(o
- 3\9p/,

oooobooogon

oooo
0 (C67) 0 (C70) OO
22 i (00
=20 (Z2) M 1.71
o =33 NA<80>0 ¢ (171)
Oo0o0o0o00ooon
Ry = KMec (1.72)
2r2al (0n) °
K=="2(=—2 L.
NA/\4 (86)0 ( 73)

oooooOoooooKOoODOoooooooo



1.A O0O0OOoOoOo 15

1.A 000000

gboaboooouoobgooaboo

Ax(BxC)=(A-C)B-(A-B)C (1.A.1)
Vxve=0 (1.A.2)

V-V XA=0 (1.A.3)

VXYV XA=v77-A- A (1.A.4)
AvAM:LAdS (1.A.5)

ooooooo A oA 9A
. — x Yy z
v A o + 3y + ER (1.A.6)

CA o (04 OA\ L (0A. 0A\ (04, 04,
v "\ oy 82 Y\ 0z Ox *\ oz dy
(L.A7)
_ . 99 o¢ 9¢
Vo= %—+y§+z& (1.A.8)
oooo
_ 19 5 1 9 1 04,

VA r2 ar( ) rsm@@H(Aasma) rsinf Op (1.A.9)
L K 0A¢] e[ 1 0A, 0
VA= [aa(A*osmg) aga} Lno 9o ar A

e,| 0 O0A,
+t [ar<'A9) 50 } (1.A.10)

L 6 1061 0
vgéfera T e 89+e rsinf Oy

24— L0 (200 L 0 (4092),_1 0%
Vo= r + 25 90 sinf 20 + 25026 02 (1.A.12)

(1.A.11)




16 10 0O00OO0DbOo0OO

1.B 00000000

00000 mO00000E?=Elexp(iwt) 00000000000

o0oo0o0ooo0o0OD0OO0OO0
mi + fr = eE°

0000 f0000 (0D)0D00OOUOOOOUODOOUOOOO

r =

e E°
- ) Wy = (f/m)1/2
mw? — wy?

ooooooooooo PO

goooo

2
{P} _ - —; |EOO|eiw(t—r/E )
0

00000 (L&) 00 Poynting0 000 SO

S nsin?0, e wt
4wedr? m2 (w02 —w?)

ooooobooooooon

wt sin?6,
(wZ —w?)?2 12

2
_ an
S sjr By

oooooooo

e2

apg =

2m
DDDDDDDDDD[0:|EOO|2DD

5 [Eq Plexpliw(t — /)] e,

(1.B.1)

(1.B.2)

(1.B.3)

(1.B.4)

(1B.5)

(1.B.6)

(1B.7)



1. MaxwellOODODOOO 17

googood
U00000wy >»wdnOd

I/Ipoc A Rayleigh Scattering (1.B.8)
U00wykwdOd
I/Iy < \° Thomson Scattering (1.B.9)

OO00o0o00000DOb00o0o0DoboOo Xooooooooo

1.C MaxwellOOODOOO

O00000000DO0O000000p=00j=00000Maxwelld0O
oo

E
vafg%;:o (1.C.1)
OH
vxE+%5;:0 (1.C.2)
v E=0 (1.C.3)
v -H=0 (1.C.4)

000000 (CIH)00D t00000oo

AV xH_e@QE B

5 =5z =0 (1.C.5)
0000000000 @C2000
“ OH
E+ = — = 1.C.
v X VX +vaat 0 (1.C.6)

0000000 20000000v xH/ot000000O0O

enwd’E

v x v xE+ 6—2@_0 (1.C.7)

oboooooboo100

v x v xE=vv-E-v’E (1.C.8)



18 10 0O00OO0DbOo0OO

00000 @C3)ooooooooo1o0o00oooon @ CAo

ey O°E
oooooo

0O@C2000¢t0000000

ovxE  po’H

o 57 =0 (1.C.10)
00000000 @CI) o000
E
vxva—iv %t 0 (1.C.11)

0000000 20000000wxE/0t00O0O00OO

epn O°H
v xvxH+ = = 52 =0 (1.C.12)
gooobbbbooooobooboobog
9 ewd®H
H- 5 om =0 (1.C.13)
00000000000 (CCI) 00 (LCI3) 0 Maxwel DO O OO DO
oood
0ooooo i
p— (1.C.14)

(ep)'/?
00000000 $00000000000000000000 (00)
000 a0

N
1l

(1.C.15)

| o

0ooobobboooo 200000
7= (eu)'/? (1.C.16)

000000000000000 (0000)0000p=10000a%=¢
oood



1. MaxwellOODODOOO 19

000000000000 0000000 wOODOOOO0ODO0OO00
ooo0
E = E(r)e™! (1.C.17)

H = H(r)e™? (1.C.18)
0000000000 (@CTI0 @CCI3) o

6
v2E+ A

E=0 (1.C.19)

u

H=0 (1.C.20)

o0oooooooooo Helmholtz[l[]l]l]DDDDDDDDDDDD
000000000 ADDO00w?en/®=(2r/N)?20000

0 @CCIO0 @EC200000
E(r) = Ege kT (1.C.21)
H(r) = Hpe T (1.C.22)

UO00O0DE, 0D HoOOOOOOOOoOOooOoobooooooooooo
oooooooooooOooooboodkboooOooooboooooo
oo0ooooooo kD

2 ~\ 2
g2 = e <2m) (1.C.23)

A

00000000 (CC2)0 MC22) 0000000 (LI 0 (CCIy)
0

E(r,t) = Ege!@i—kT) (1.C.24)
H(r,t) = Hoe'@tkr) (1.C.25)

0000000000 Maxwell 000 (CCI)-CCAHOOOOOOODO
oooQ
kxE=2"H (1.C.26)
C

kxH=—"E (1.C.27)
C



20 10 0O00OO0DbOo0OO

0150000000

k-E=0 (1.C.28)
k-H=0 (1.C.29)

0000000D000000D0 15000000 EDHOkKkOODOODO
000000000000 000DOO000000DO00O
00000 +0000000000 (wt—k-r)000¢t+600000
O w(t+d)—k-(r+6r) 00000000 DODODOO (LC24)0 (LC25)
000

wt—k-r=w(t+dt) —k-(r+dr) (1.C.30)

oooo
k- or =wét (1.C.31)

uboooboooobobooooboog

=]
L]

w c
= =F= 7(€H)1/2 (1.C.32)

0

O000000000000e=10p=10000004=¢00000
000000 XNOOOOO9=vNO0é=vAO0OOOOO0»00000
0000000000000 @CC32)0 I 00 XN =X /0000



good 21

gooo

1. M. Born and E. Wolf 000000000000 O0OOOOOOO
ooooo0gbDoigss.






23

20 OOoooogo

oooobogvioboooobobo voboooobooboooboo
gbobooobobooobooboobobooobooobooboooooooboooon
0 AeO

Ae=¢€— () (2.1)

000000000 VOOOOOO00AOOO000000000000
00000000000000000000000 Aa=a-(a)00
000

%Ae:%ﬁm (2.2)
0000000 ()000000000000000 (CEY)0 o*0 (Aa)2(0
000)00p0 V-'O0000000000=Ensemble 1000000

Rayleigh 00 O

Aa =

Ry = (any) (23)

OD00000R,,000000000000O0O000O0D000R,;O000
000000000000 000000 0000000000000

21 000

O00R;000000000CCOCOOTOOOpO0OOOO0OOOO
(Species 0) 000000000 OOOOOOOOODOOOO EOD OO VO
0000000 (N, Ny, ---, N, )OODOOOOOOO (E), (V), (Ny),
- (N,)0000D00000000O000000000000TO pO NoO
Wi, po, -+ 4 0000000 Hybrid Ensemble 0 0 00O

N:NOaNla"'aN’r



24 20 0O0OO0ODOOO

Nl:N17N27"'aN’r
ll'/ = M1, 2y My (24)
ooodooooon
Hybrid Ensemble 00000000 T'(T,p, No, ') O

D(T,p, No,w') = > > e PV/HTNW/ET (T, v, N) (2.5)
V. N'>0

O00000000QU NOOOODOOOOOODOOOOOO (Canonical
Ensemble) 0000 Q O HelmholtzO OO OO OO AQO

A= —kThhQ (2.6)
000000000000 7TO pO0 NgOp/ O0O0OO0OO0O0 VON' OOOO
O P(‘/;N/;TvpaN()aP‘/)D

P(V,N') = T Vexp|(=pV + 3 Nigis — A)/KT] (2.7)

A= A(T,V,N) (2.8)

ooooooo(—-pV+> N, —A)O0(WV)OWN,) 0000000000
O000OAV =V —(V)OAN, =N, —(N;) DOOO0AVOAN, 00000
000 (most probable value) D0 000 Gauss 0O OOOO0OOOOO

(—=pV + ) Nipi — A) = —p(V) + Z<N

=1
oA
—pAV + Z [ AN; — (av> i NAV
=1 s

T 2
—Z(‘M) ANZ»—1<3/;) (AV)?
“—\ON; ) 1.y 5, 2\0V2? ) 1

- 92 A
- . AV AN;,
Z(@V@Ni)wm VAN

‘ZZ<8N8N )TVN ANAN; + -

=1 j=1




21 OO0 25

z=z(z,y) 00000000000

0z 0z
e (8 0 (3)

v=u(r,y) 00 00w0000000 00000000

(). (&), (5).(@).

»0000000000z000000000
0z 0z oy
0= (£ 92\ (9

(ax>y+ (ay)(a>

() =G

goooood

oooobooogn

P(V,N') = Cexp(—¢/kT) (2.9)

1 WA) "/ 9?A
=== (AV)? + () AV AN,
2 <5V2 TN ; IVON; T,V,Ny

R T( 0?A )
+ = — AN;AN; (2.10)
2 ;; ON;ON; T.V.Ny J
doo0doooocooonooooooooDooooooon
8A) <8A>
— = —p, = (2.11)
<8V T,N ON; T,V,Nj,




26 20 0O0OO0ODOOO

92 A (o
VON: ) ryn,  \ON: )

_ (6V/8N71)T7P7Nk Vi

— 2.13
@OVopen iy 1Y)
00000000V, 000 :;00000000000xO00000000
1 8V>
k=—— (22 (2.14)
(V)(@p TN

gboooboooobooo

(356957 ) .~ (a8
- (an
(%

)TVN <§I~Z\L7J)T,V,N,c
o
NG I

8,ui> M;N;
( o )rn Mo Ny (2.16)
ooOooon
2 1 ) .
(M) _ VvV M < Op > (2.17)
aNiaNj T,V,N}, K?<V> Moy Ny 8mj T,p,mpg

oooooooooMOM, 000000000 ;00000000
gog

_ AV (VAN
¢= % ; 7 (2.18)
o ANZ . Ami i = -
T= TN = mgy (L) (2.19)
000000 @@E)0EME0EMo0 @ENo000000
_ vy 1 L UV ANAN,
P ) >ZVAVAN + <V>ZZVZV]AN1ANJ

i=1 i=1 j=1

1 Op;
M; AN;AN,
+MONO EZ ]<amJ>Tpmk !




21 OO0 27

0000V =V(T,p,{N;}) 00

ov oV
AV = () Ap + () AN;
Ip T,N; Z ON; T,p,N;

i

= —kVAp+ Y VAN,

googoooood

KVAp=—AV + > VAN,

gooo

§=rAp
00000000000 IO

1% M()NO " - m;m;
Pty L

i=1 j=1 v

Opi )
— ik (2.20)
<amj T, p,my !

000000D000(V)=VO(m;)=m; 0000P(V,N)0D0O00 VO
N;00 ¢0z;,000000

1% MoNy o —
P(f»xla e 7$r) = C’exp <_ 2;‘43]4;T£2 - 02 0 Z waxl%> (221)
i=1 j=1

mym; [ O, mim; ( Op;
Vig M;kT (amj)T,p,mk, M;ET (ami)T,p’mk v ( )

0000000000000000000000 (20 (zz;) 0000
000() 0 (2,2;,)000000000000000000 COOO
000+4;00000000¢0000000000000 QOOOOO

goooooono
Q' =q" (2.23)

Q'yQ=A (2.24)



28 20 0O0OO0ODOOO

0D000D0D000ADOO AO0000000|%|=/A|0000QO0O
0 x0£0000

x = Q¢ £§=6,6, .6 (E=Q 'x) (2.25)
gooogno
xTyx = (QE)TY(QE) = €T (QTYQ)E = £ AL (2.26)

oooooooooboopPO

P = Cexp <— 4 £ — M()2N0 Z&f?) (2.27)
i=1

2kkT

ooooog [ - [ Pdédédés---dg. =100

_ [ V(MoNo/2)" 2
¢= [W ¥ '} (2.28)

0@XR)0oo00oooouooooo

/ / pd§d€1d§2...d£T:C/ e~ (V/26KTIE ge
XH(/ MONO/Q)\ﬁ dg)
_0 2rkkT 1/2ﬁ 2m 1/2
B 14 LA\ My Nos
() ] (07)
% (Mo No/2)" 1N

o 2kkT\ /2 artl 1/2 P ‘71/2
1% (M0N0/2)T

000000 [ exp(—a’s?)ds = /m/a 000000




21 OO0 29

0@E200 @2)00o0o
/ xze_azm2dx=ﬁ

ooooa
(&) =" (2.29)

2\ __ E\ —
(&°) = NN (&i&) =0 (2.30)
0000z =Y, Y, QuQué&6 00000000 @3W 000

'T x] Zszka ék >

MONO Z szQ]k (231)

googoooood

Z sz)ng o QA QT) )

i
K2

=@ "= (2.32)

ooo
U
(Tiwy) = MoNo | ¥ |
O000000D000%Y 04, 00000000 (zz;)0 2, 0000
0000 (00)000D0D000000000a
(000000000000000000 (AN;=000000)0
0000 @I 000

(2.33)

(2.34)

oood

PZEJ\?:Zi—ONi:]‘X — Inp=InN—InV (2.35)



30 20 0O0OO0ODOOO

goo
_AV _ 4y (2.36)
. (A0)?)
2\ AP 2
& ="

0000000003 0000000000000000000000O0

(2.37)

Hybrid Ensemble 00000000 nO0000O0

on "/ on
Adi = () AV + ( > AN, (2.38)
oV )rn ; ONi ) p v,

OO00007TO0pONODOOOOO0DODOOO0DODOD

on on "/ on
dn = | =— dp+ | =—= T + dN; 2.39
<8p>T,m P <6T>p,m ;(aNi)T,p,Nk ( )

gooobooogn

on on Op 1 [on
- f— JR— — = — — 2.4
<8V)T,N (ap)T,m(av>T,N “V(QP)T,m (2.40)

oood

INi ) p v, INi ) N, ) 1 \ONi ) 1y N,
M; on V; (0n
= —_— 2.41
MONO (8777’1'>T,p,m;c - KV <6p>T,m ( )

0000000 E3R)0 E40)0 @40) 000

. AV (07 1 /0n T
An=—y <ap>T,m T (w)né}”m

1 < o
M;| — AN;
+M0No Z ¢ <8mi>T7p7mk ¢

i=1

S

T

1/0n on
— | — + m;| — ZT; 242
K (ap>T,m§ ; (ami>T7P’mk ( )



21 OO0 31

0ooooo
00000 @29 000 @33) 000

@ =55, @)

on
+ Z Z Mt <6mZ ) T.pms (3mj ) T.pms (i)

=1 j=1

_LT@ :
- kV \0p

M()NO sz i <8ml>T’p’mk X

i=1 j=1

on Wj
2.43
(am)T,p,mk 0] (2.43)

0000000000000 00 E3)uooooo

B 2w2ﬁ2k1’<€ﬁi> ?

Ry Mg

< on > ,¢m (2.44)

am] T,p,my | ¢ |

ooooOOoOOoOOO0OO0O0O0O0O0O0O0 1000000000000 Repe00O
O002000000000000 R,OODDOOO

Ry = Ro,0+ Ro (2.45)

0oooooo

00000000000000000000000000000000
00000000000 ¢ =MyNo/NaV (g/m¢)0000000000
00 Ry O

r o ik
2.46
Ry = NA/\4CO Z Z it (6mz > T\p,m (amj > T,p,my | ¥ | ( )

=1 j=1




32 20 0O0OO0ODOOO

000000000000 (i=1,2,---,7) 000000000 g 00
0O
pi = 1’ (T, p) + kT Inyim; (2.47)

oooobooobuodn0b00b0o0obobobobobooboogboy o
lﬂ%‘ZMi(ZBijmj+ZZBijkmjmk+--~) (2.48)
j=1 j=1k=1

oboooodOdmg, me, ---,m, — 000000y — 100000

@EZN 0000 @220 ¢, 000000 @@ 000000 Ry 000
0000

22 2000

0000000000 1000000000 20000000 40 O
049/ |%|0

¥ MlkT(8u1> -t (2.49)
|| m? \O0mi ),
OO0O0OR, O
222 MLKT [ OR \ 2 [0 -t
Ry = /\41 (a > (a‘“) (2.50)
AANTCQ mi T.p mi T.p

0000 Gibbs-Duhem OO OO0

I > No (3#0 )
= —— 2.51
(8m1 T.p N1 8m1 T.p ( )

00000000 c¢(=¢)0

L MNG_ MoN
T NAV  NaV !

(2.52)

gooogod

_ MN;
~ MoN,’

m V = NoVo + N1V (2.53)



22 2000 33

ooooo
0 _ Mol (0 (2.54)
omi ) p, 1% oc)r, '
ooooa
—0 @) oo0—
0 @50 @R 00
(5r) = ()., ()
omq Tp Oc Tp omq Tp
N,OOOO0O
dc 7M0N0 V—m oV
6m1 T,p_Nsz ! 6m1
_ MyNgV,
INE
_ coNoVp
Vv
oooo

( v ) My ( 8V) _ MyNoV
3m1 Tp Ml 8]\71 Tp M1

oV
m1< ) =NV, V -—-NVi=NV
omy T

0000000000000 @) oooooon

0000000 @y oooooooo

27r2ﬁ2RTVoc<6ﬁ) 2 /(auo)
Ry=—"———|—— -— (2.55)
NA/\4 oc Tp Oc Tp



34 20 0O0OO0ODOOO

gbooobooboobobogn

Kc 1 8,LLO
=S=_ ) 2.
Ry VORT< e )Tm (2:56)
27272 [0\ 2
K=——— 2.
NA)\4 <80>T,p ( 57)

obooooobobOokKOOOoooooooooboooOpOoo0Ogd =
oooobooog

o — pg = —Vym = VO°RT(AC4 + Aoc® + Asc® + - > (2.58)

O00D0A,0020000000A;00 3000000000000
oood

Opo on 1 9
9o — e (D) = _VeRT( = 4 240+ 3432 - -
( dc )Tﬁp VO (8C)T,p VO i (M - 2c+3 a0t

(2.59)
00000 @) 00ooood
Kc 1
= 1924 Aac? 4+ ... 2.
i M+ oc+ 3Asc” + (2.60)

oooooooooovwwxVyooooooooooooooooooo
oooobooogon

—Note—
Ooo0o0ooooo

1 (T, p) = po(T,p + 7,c)

Ipo 1 (9% 2
= T _ —
po(T, p, ) + ( o >T’C7r+ 2( o T,Cﬂ +

oooono

. (0nY (%) (0
Jc T’p_ o\ dc Tp oc Jp, 2 \0pdc)r




23 02000 35

() (Z)
dp T Oc T

1 RTk
= _VORT| = +2( A, — 0
Vo' R [M+ (2 212 c+

gooooooo

T~ _° 24 ...
RT—M+AQC +

1
‘/0:‘/001—7 % CQ+...
2\ Jc Tp0

gbooaboodan

23 02000

0000 (U0oU0o000000Uo0ooUooUDoOoooUoO

ooo ) )
( On ) = (‘9”) (for all i) (2.61)
8mi T\p,my om T.p
m=>Y"m (2.62)
=1

0 @220 @400 @48) 000

m;
’(/)ij = M + Bijmimj + .- (263)

0000 |¢|0000000

o= (o) (1- 3 b 4..) (2.6)
i=1 i<j I



36 20 0O0OO0ODOOO

ODO00yY=9|¢|/o¢; 000
Ol |y _ 1 09|

OMij || Oy,
(U
K
1 bis
- b “) T 2.65
Vi 0 (lﬁnwij oy (265)
D0000 @63 00000
YU Mic
1 et~ By M, (2.66)

0000000000 @46 000

2>2 >
o= i (), (5 M= Pt <)
- (2.67)
oooooo
0000000« 0000000 w; =m;/m00000000 My =
Y Mw, 000000

272h2 [ 9n\ ° . )
Ry = Mo (am)T (Mwm - ZZBijMiMjwiwjm +- )
P i=1 j=1
(2.68)
000000 @5 0000o

0 CONOVO 0
— = — 2.
(o), = 7 (3),, (209

DDDDDDD’UZ:NAV;/MZ, UZ':T)7 CZ:NZMl/NAVDDDD
oo

Y NiVi YNV > NiVi/V

NoVo  V-L NV, 1-2NVJV

N; NM i
ZVV 2 Yi ZCZUZ—’UC



23 02000 37

goodg
c
m=—
Co
B NAVC
My Ny
N : Vi
— A‘/O 1+Zl:1NV c
My NoVpy
NAVO Cc
= 2.
M() 1—wvc ( 70)
(V=NoVo+ > N;V;O v =v; = NoV;/M; for all i)
O0o0o0oo0.00000 v,00000 ¢; O
v — NaVi
i = MZ
N, M,
C; =
NAV
oooo
gooooo
21272 [ coNoVo\ 2 [0\ > NaVo
Ry = - My (1 —5e)~t
o NA)\4CO< v )(&)Tp MO{ (1 —ve)
A%W%

Z ZB”M Mjwiw;c*(1 —ve) ™2+ - } (2.71)

i=1 j=1
No‘/b/V: 1 —vcd NaVy /My = (1 —vc)/co (=19) D00

on

2
— on 53 -l
= N <3C>T7p(1 ve) [ch(l ve)

—1_}0 Z Z BijMZ‘Mjwi’U)jCQ(]. - 1_)0)72 + - :| (272)

i=1 j=1
googg
Ry ) ) ror
? = Myc — 2Mw'l}62 — Vg Z Z BijMiMjwiU}jcz + .. (273)

i=1 j=1



38 20 0O0OO0ODOOO

D0000000002M, =250, Maw; = Y0, S0 (M + Mj)ww;
gooooog

&:Mc_iiM,M. @B..+i+i Wwice 4 - - (2.74)
K w 4Vl g 05 M1, Mj i Wy .

i=1 j=1

gooobooogn

Kc 1
= 42454 2.75
R M. + 2A2¢c + ( )
1 r r
i=1 j=
. (%) U 1 1
b= (e ) e

oood

24 00000

20000 ((@0Oo0,1)+ 000000 (002000300000
OO000O0O0OODDODOOO E.F.Casassal H.EisenbergOOOOO000
000000 @46) 000

27272 of 0n Y\ °
fo = Nadieo [ | [ml <5m1> V22

T,p,mz2

on on
72m1m2 <8> () 1/)12
mi T,p,m2 8’”’1/2 T,p,m:

+m22( on ) 2 w11:| (2.78)

Imy T,p,m1

00000 @22)000

2
k=1

000o0oo0o0o00B;0B,; 000000000000



24 0O0O0O0OO 39

my 0000 m,=00000 RO RYOOOOR,OOODDDOD
00 (RayleighO)O OO0

R) =Ry — R, (2.80)

000000 (00 m) 000000 Rayleigh 0000000000
ET 00 @R O0000R,000000000000000

Kmm2 1
= 2B 2.81
R M3 ap T aBzapma (2:81)
27272 ( on ) 2
Kn=-—\|7— 2.82
NA)\4CO 3m2 T p,m1 ( )
Mp,ap = Ma(1 — 29, M1 Biamy + - -+) (2.83)

1 _ 1
By ap = 5322 + [(1 + 279 My My V) Biagg — §M1sz

+’}/mM1312B22:| mi —+ - (284)

on on
m = | =— —_— 2.85
! (aml ) T,P,mz/ < dmy ) T,p,m1 ( )

R,0000D00000000DOO0O0ODO0DOO My, 0OODOOO
2000000 B, 0000y, 000000000000 M,0000
oood

000000 MO A,O00000DOOO00O0DOOO0ODOOD

—uo0—

0 @46) 00
o= st [ Gone) - (2]
K’ co(haz — 3 /¢11) >\ omy "\ omy ) vn

&) (&)
+ml<5m1 Y11 i omy P11




40 20 0O0OO0ODOOO

gooo

= i v (o),
K" co(¥11v22 — Y121P21) T,p,ms v
on

%m(&ﬁ (o) 02 (i) ]
o dmy T,p,m2 T,p,m1 " ? Omy T,p,my .
1 [ ( ) ( on ) 1/112]
co(a2 — Vi3 /v11) oms ) m, Omy )y my P11
on my?
4 2.86
(67711 ) Tp,ma co¥11 ( )
27272

K/zi 2.
N (2.87)

oood
0000y;00000000030000000000000000
0:(:=1,200000000000000

= () i () ametvidy (89
M1 /) T pme Oma T,p,m1

gbooooooo

V= (a”i> (2.89)
ap T,ml,mz

000000000000 000000dp=dr (m: 000)00000O
02000000 8000

(o) = (o) ot ()
Ima T, po,H1 Imq T,p,ma2 dmy T, 0,11 dmy T,p,m1

+V2( O ) (2.90)
Omy Typo,p1

00000010000 (duy =0)0

(o) o) =) ()
Imq T,p,ma dmy T, 110,401 Imy T,p,m1 Ima T, 10,11

(2.91)




24 0O0O0O0OO 41

O0000000p=000 (dp=0)00D0O

) ) ) e
Imy T,p.p1 dmy T,p,m1 Imy T.p,m2

000070 p000 (No0D)DO000dV = VidN; + VadN, 000
DOoooooo

oV ON
xg;() :%+m<v (2.93)
Ny T,p,p1 ONy T,p,p1

:V2_V1M2<3M1> /(&lﬂ) (2.94)
M1 8m2 T,p,m1 8m1 T,p,mg'

0000000m; = M;N;/MyN, 0O @32 000

‘r * ‘r2 1 2 ( ml)
7»P7M1

My, \ Ome
gooooa
ogooooo
1 (T, p') = ps(T, p,ma) (1=0,1)
p-—p =m
oo

#Z(Tvpam2):/l:z(T,pl,m2)+ (8 ) T+
p ka

gbooaboodan

() (F9) Ly
dp T ON;0p T !

MiO(Tap/) - :u’i(Tap/?mQ) = ‘/iﬂ- + -

gooan



42 20 OOoOoOOO
gooddms, — 000

Vodm = —dpg, Vidm = —du
oooog

(N()Vo + val)dﬂ' =Vdn
= —Nod/,Lo — Nld/,él = Ngd,ug (295)

goooooooo
V<37T) _(‘9/"‘2> (2.96)
N2 8m2 T 6m2 T, 110,11

gogoooo

0 Z90)0 @9I) 000

V ([ Or _( Oue omy
Nz<5m2>T,m B (5'm1)T,p,m2 (37"12)1#0,#1
(e )y o)
oms Topma oms T
_ Ip2 O O
o (3m1 ) T,p,ma <8m2 ) T,p.mq / (aml ) T,p,ma
(e (G ), ()
oms Toin omi ) . mo omi ) . ms

+(8”2> +V2( on ) (2.97)
8m2 T,p,m1 8m2 T
0 @E22) 000 5 .
( a‘“) _ Mkt (2.98)
mi T,p,ma ml
15) M kT 0 MSkT
<8M1> _ M b1a, < Mz) _ Mo a1 (2.99)
o T,p,mq mimeo 6m1 T,p,ma mimeo

0 MykT
(a’”) _ M, (2.100)
ma T,p,my my



24 0O0O0O0OO 43

00000 9)-EINg) 000

MakT vE\ _ (V0 (9

nr (=)= (%)), oo
i3\ _ ma(l—paVy*) (O

co (wzz - 1/)11) = T <5m2>m1 (2.102)

obooooOoooobooboooooooon

()1, = 32 (o)
8m2 T,p,m1 M2 8m1 T,p,ma

0000 @M 0 V*

e
mi T,p,ma omy T,p,ma

goooooo

(aug) /(@n) _ V-V
8m1 T,p,ma 5‘m1 T\p,mo V1

gooobooogon

M3 No My Ny N,
mo = Co = = —
2 M0N07 0 NoV ' P2 v
gooo
TOpOOOODOODO
on on
i = ( " ) dmy + < " ) dm (2.103)
8m1 T,p,ma 8m2 T,p,m1
oooo

0000000000 @92)00 98— @100 0000

on on om, on
mo (8m2 ) - = may <6ml) — (8m2 ) _— + ma <am2 > T.pma
on
o (67”2 ) T,p,m1
2y o) ! ()
omy Topoms oms Topoma omy Topoms

on 1/)12>( on )
= — —_— 2.104
" <am2>T,p,m1 ™ <¢11 omy T,p,m2( )




44 20 0O0OO0ODOOO

0Dooo
TOpOwu, 00000 RpO RY (me — 00 Ry — RY)ODODO Ry
o000

R =Ry — Ry (2.105)

(o) ()
omy cot11
O0m, 0000000000 @20 @M 00 @86 000000

Ry __( on ) 2 ( o ) T mokT (2.106)
K’ Oms ) pp i, \OM2 ) g, (1= V" p2) '

0 236) O

0000000 @A) 0000

9 )
=co(1—Vo* — 2.107
(amg)T,,,,m oL=V2 ”)(a«:z)T,p,,“ (2107
mog = e _ NaV c
>T e MoN, ©
ooooo
% -\ 2 -1
R on on cRT (2.108)
K’ oc Topoiin Jdc T

Ub0odbddle=c000O0d
oooobooogn

K* 1

= — +2A4 ! e 2.109
TR +2A520(cy)c+ ( )
K= 27202 on 2
o NA)\4 Oc T,p,p1

uboabooogn

T C
_ A Ne? + ...
RT M, T 222(e1)e” +



24 0O0O0O0OO 45

ooooo
000000000000000 M, 00000 (00 ¢))0000O 2
obooobOoooooooon

K, O K*0000 (82/0¢)rpm, O (07/9¢)p,,, 00000000
000000 @I0) 000(07/0my)rpm, =000000000000
000

0000000007, p00000000000000000000
wp 00000 (00000)0000000000000000000

TOpOw, 0000000000D000007TOw 000000000
0000

i = (8"> dT + (6”> dp + (6” ) drmy
oT pm dp Tm omy Topms

(o)
+ 5 dms
6m2 T,p,m1

(o)~ G * (o) ()
amg 5‘m2 T,p,ma 8m1 T\p,ms 8m2 T
(&)l

DDDDDDDAp:AwDDDDDD EId) 000

() gy~ () (), ()
Imy T,p,p1 dmy T,p,ma dmy T,p,p1 dmy T,p,m1

() 1~ (o
8m2 Typ 1 8m2
(3m

go

It

T,p1

(i) i), ]
1/ T,pms dmy T,p,p1 dmy T,p1
)T, (amQ)T,p,l




46 20 0O0OO0ODOOO

000000 @I o0oo
<3m1) _ O /0ma)rpm,  Vi(Om/Oma)r,p,
T,

dma (Op1/0ma)rpms  (Op1/0m1)1.p.ms
0 @) 000
<6m1> _ (Op1/0ma) T pm,
Oma ) 1 s (Op1/Oma) T p,ms,
agood

(e )y~ ()

Omz2 ) 1y 4, Ima ) p

(o)t (o)™ (5 ) ()
Imq T,p,m2 Omy T,p,mo ap T,m oma T, 1

i )y~ (30),.) ()
kT \Oma ) 1y s /) rml \Om2 /) 1,

gooobooobon

<8/A1 ) _ MlkT’(/)ll
T,p,m2

dmy my?

<87T> —const<1+ >
8m2 T Mg

ooooboooo

—gooboobooon—

= omy _ o1 O
1= omo " ome T.p,ma omy T,p,ms

000000, 0002000000 1000000000000 @I104)
goo

()= )y~ G ) (s )/ ()
dmy T,p,p1 dmy T,p,m1 dmy T,p,ma dmy T,p,m1 dmy T,p,ma




2.5 00O 47
oooor; O

SR €70 WL € WO VA €
' dmy T,p,p1 dmy T,p,m1 dmy T,p,m2

obobOoooooooo rTobodpbO0obObOODbDODbDODODOn
gboooboooooob ,oobooooobooo

25 000

[2000]
00000000000 102000000 00Flory-Huggins 00 0
0000000000000000 GibbsOOOOOOO AGO

AG
BC _ (No+ NP |dolndo + Dingy + h(Top,é)|  (2.110)
RT P
O00000oo0o0oRrROOOOOOTOOOOOON; 000000
O00OA0000O00000O0O0:0000000000 PO
N v,
= ) Pzzi
Vv Vo
0000000000V;000:000000000Au = (OAG/ON)1 N, 0
Apy = (OAG/ONy)r, N, 00000 0000000000 pe000 1
goooboboobbo ,mboooooo

i (2.111)

wo=pi+ BT - o+ (1- 3 Jortxot]

p1 =g + RT[Ingy — (P —1)(1 = ¢1) + Pixp(l — ¢1)%]  (2.113)
0000000000000 yOOUoDoooo eRO

X = —{a(gﬁl)]m (2.114)

gbooobodyxpO

1
xp(1=¢1)* = —x¢1(1 - ¢n) +/ xd¢y (2.115)



48 20 0O0OO0ODOOO

gooobooboobooooobo 1ot psoooobooooo
0000 @) 000000000 ¢0 0000000

K4V 1 /0
St =), 10
00000000K,D
27202 [ Of
6= N <%1> (2.117)
0000000 @IM000000000oo
X+;¢1§;_;<1—1¢1+P11¢1_K13?> (2:118)
0ooooo

O000000000000000000000 (Que/d¢1)r, (000
O (8pu/0¢1)r,) 000 xODODODODODODODODODODOODDODOODDODODO
000000 (82AG/0¢3)r, = 0w /0¢1)r, 0 00000000000
(Spinodal) 00 T, 00000 DO0T =T, OOO1/Ry=000000
0000000000 00D0000¢, 000T000000 RyODOD
00 (KgVotr/Ry) — 000000000000 T,0000000

[3000]
00 (0000200000 (00 102)000030000 AGO

AG 2 2 4
RT <No+; NiPi) {% 1n</>o+; Eln(bi—i—h(T,p, ¢1,¢2)} (2.119)

0000000 @2 00000o

0
Ho — Mo _ _ i 2
~RT = In ¢g + (1 Pn)(b + x¢ (2.120)

obooooOoboono xyobooooo

_ {‘9(gé¢)bwi (2.121)




25 OO0 49

00000000000000000 ¢00000000 P,O000 0
0000 &0

2 2
6= ¢i, P7'=> PG, &= % (2.122)
i=1 i=1

gboooboobooooob .00b0oboooboo g 0o

Bi — > ) _ _i
AT ——m¢f+R(1 }%>¢
¢ ¢ X
—%ﬂ/;w¢+u—&)/(i )w+x%4<zma
0 o \0&
Oooooooo
i = lim (s = RTIn ) (2.124)
00000 EI2D-@I249) 000
h ¢ [ =) 1
n_ | M )~ 4 2.12
: /Oxd¢+;£{ it Pﬁ} (2.125)
0oooo0o
0000 ¢,0000000 m;000
4 Mo Fim (2.126)

1+ My Y mPy

go

B ) 2 )
(), = mi| (5), -y ), ] e

O000000000000 @23 00 (du/dm;) 00000 246) O
000000000000 30000000 ReOOODODODOD

0 @46) 00000000000 Rayleigh AR, 00000 DOO0O
ooooooogold

[ On on P
ARy = Kvy RT 2.128
o =KomBT) ) (am)T,p,mk (am)m,,mk EIR

i=1 j=1




50

20 0O0OO0ODOOO

0000KDOOOOO (K =2r2n2/NaA)0m; 000 i0000000
0000w, 000000000000000000

nO"‘Z 1”1 [

VM =
TL()MO

I
Mo(1 - ¢)

(2.129)

0000o0O0On, 0000000 (QO0ODO)0D00OO0
3000000000 :00000 ¢, 0000000 m; O

Mom; P;

b =

ubooobobooobooboooooooooo

00: _
G = MoP(1 - 0))(1
O

a:ii = ~MoFig;(1 -

goooooo

on on
(8mi>T,p,mk = Mol = 9)F: {<&¢z)

= Mo(1 — ¢) P

gooooooogy O

2
Vi =i — Z%‘%‘
j=1

1_(8n>
= \as ),

oood

1+ Mo Z?:i mz-Pi

(2.130)

— ¢) (2.131)

(2.132)

(37(?’Li>mk:MO(1—¢)Pi|:<azi> Z%(a@)] (2.133)

-Soli), ]

(2.134)

(2.135)

(2.136)



25 OO0 o1

0290 EE4H00 @12 0000000

2 2 ij
ARy = KRTMoVo(1 — ¢ ZZWJ ]I%ibl (2.137)

oooooo
00000 (¢1,¢2) 00 (¢,6) 000000 @I O

(8511)7”2 = Mo(1—-¢)P {(1 —¢) <5a¢>51 41 _(fl (%)J (2.138)

<‘9§L2>m1 = My(1—¢)P» {(l—é)(gﬁ) 3(351) ] (2.139)

0000000000000000D0 @I23)00 w,; 00000000
oooooo

J%Y 1—¢1 1 1
RT M0P1(1—¢)[P1¢1 +(1_P1>_ (1_Pn)¢

—(1=¢)’L—-2(1-¢)(1 —£)Q+ (1- 51)25} (2.140)

5
Ho2 1— oo 1 1
= wori o) s (1) - (17 )
2
—(1— 6L+ 201 - )6Q + is] (2.141)
e _
RT RT
1 1 1
_MOPlPQ(l—qS)[l—Pl—Pz— (1_P>¢
—(1=¢)’L— (1—¢)(1—26)Q — “t“s} (2.142)
oood

_ [(PPh\ dx



52 20 0O0OO0ODOOO

_Lf(onY (N (ox
Q‘&KG&L ¢<a¢aa>}(agl>¢ (2.144)
_ 1/ [P
s=3(F), - [(@)we  ew
gooo

0 @HO)0EHEN)OEEY) 00 @30 000000 AR, 00000
KVop  1+¢(1—¢) 'Py— ¢(PuL+Y)

— 2.14
AR, WX (2.146)
2 <2
YiP1&1 + 75 Pebo
W = 2.147
(-9 (2147

_ §1&2 AT 1
X =11 e 1 2h {(“ ) PPy [1 * (Pn 1) ¢]¢
—2(%1 — %) (1 PL — 2 P2)d — (1 — F2)° PLP2(1 — ¢)*L
+2(F1 — ¥2) (71€1 + F282) PL (1 — 9)9Q

+(n& +%€2)2P1P25} (2.148)

Y =6& 2(P1—P2)Q—P1Pz<1E¢+P1¢—L>S+P1P2¢Q2} (2.149)

gooobooobon

—p, 00000000 —
Gibbs-Duhem O O OO

do (O o (O
%(am)*vl(am) 0

() --L52n(%)
9 ) o '\ og

oooo




25 OO0 53

ooooboobooooobobo o= 00000 oo o

. (‘2’2) - é (P 1) - Py (; - 1) [aaqs(xof)]

gboooboooboobon

M

é1
B =g+ (- 1ol* ~ Pl - )" ~ P [ xdo+C

gcooocooooooood
gooooo1goao

g+ (P — 1)y — (P —1) — Py xé1o + " do ) +C
RT n o1 1 1— (L1 1| X®19%0 : X

0000¢;, — 1000 p1 — 200000

0
_ M
C_RT

ugbooaboodaod

— 9 1
’“RT“l=1n¢1+<P1—1>¢1—(P1—1>—P1(x¢1¢o+/1 xd¢>

oooood
goooogooooon

M1

[
A =0+ (P~ Do~ Jim (Ingn) ~ Pxaon ~ P [ xdo+C
0

oo00d¢; — 000

C - ¢hm0(ln¢1) = hm <RT —1In ¢1) = ﬁ

gbooooooodg

— u>® é1
P = o1+ (P = 1)1 — P <X¢1¢0+ / xd¢>

goooood



54 good

gaad
1. 0000Mooob0obob Mmoo oooigTs.

2. H. Yamakawa, Modern Theory of Polymer Solutions, Harper & Row,
New York, 1971.

3. E. F. Casassa and H. Eisenberg, Adv. Ptotein Chem., 19, 287 (1964).



95

30 Oooogo

OO0 VOO NDOOOOOOOoOoOoooooo®2Bopooo 0000
00000000 (0000000000 e,)0000

E° = e, E exp(iwt) (3.1)
k0000000000 R,00000000000

(P} = e, Poexpliw(t — 5%y (3.2)

El

P()k = akEOO (33)

000000000« 000000000 (TZ3) 00

2 .
w\ “sinf,

|Ek‘ = akEOO <~> =
¢ ¢

R: e,
exp {w _ et Ri-e. )}

Tk

2 . .
w ~sinb, . r 211
|Bx| ~ ap By (6) . ~exp {zw(t - E’)} exp [Rk (e — ez)] (3.5)

obooooOooooooboo EDO

N 2 . N
w\ “sinf, . r
|E| = E :|Ek\ =Ey (5) exp {Zw(t - El)} E ay exp(s’ - Ry)
k=1

k=1
(3.6)
o
s’:%s, s=e,—e,, [s|=2sin(6/2) (3.7)
oo0O0oO0oO0oO0ooo0os0000s0000000000000
[=[E?=EE0 I, =(EL)?000000000000
I 167 sin’0,
=g (3.8)

IO a )\4 ’1"2



56 30 000000

AHE

s(%ﬁm& L)
g

=}

03100000000000000

G = ZZakal expls’ - (Rx — Ry)] ZZakal exp(s’ - Ry) (3.9)

oooonooooon
ooo0oooooboooa
I 82

T = 34,3 (14 cos?0)G (3.10)
0

oood
uboaboagogoood

G> = Z Zakal /P(Rkl)exp(sl . Rkl)del (311)
k l

O0000000OPRL)OO00O0OO0O0OOORayleighO R,OO0OTDODO

_ 8t (G)

goooo



3.1 OO0 o7

3.1 000

gbooobgoobooobobio20---O0r0r-4+1000000 o000
OO0 N,OcOOO0 1000000000, 0000000000 NO

N = XT: Nong
o=1

00000 @I)000000 04, (000)0 #4104, (000)000
00 Ry,;,0R,,;, 00000 P(Riljl)DP(Rim)DDDDDDDDDDD
100002000000 FA(l,), F(1,,2,)000000

P(Ry,;,) = V" / Fi(1,)d(1,)/dR;,;, (3.13)

P(Ri,i,) = V*Z/F2(1c,,27)d(1c,,27)/dRm (3.14)
O0000(MO3A00)000000(G)O

ZN oy i Z V- / L, )exp(s’ - Ry, j,)d(1,)

Zl 1]1 1

+ Z No(Ny =1)a > > V2

i1=1142=1

X /Fg(lg,Qg)eXp(S/ . Ri1i2)d(1g’2a‘)

+ZNNQUQT§:ZV2

o,7=1 i1=1142=1

0757'
></F2(1072T)6Xp(sl'Riliz)d(lo—,Z—) (315)
0000000000 RKOFRO000c=c¢, ¢, -+, c, 0000000
OdescOoooono VN
, =2 3.16

000000000000000000000F(1,,2,)=F(l,)F(2,)
00000 BA29) 0000 @IR 0020003000

/FQ(].O-, 27—)6Xp(S/ . Ri1i2)d(1a" 27—)



58 30 000000

= / ( )Fl( )exp( . Ri1i2)dR1 1, """ an 1adR1 2,7 an 2,

//eXp ‘R, )dR; AR,

= V/eXp ‘R, )dR, 4,
=0 (for 6 #0), V2 (for § =0) (3.17)

oooo
000000000 g(1y,2,,¢) O

92(15,2:,¢) = F5(15,2,,¢) — Fi(1,,¢)F1(2,,¢) (3.18)

000oo0o00000000o0o0on P,(l,c)00000000 Py (0,c)
O

No

Pio(0,c)=n 23 Z V- /Fl L, c)exp(s’ - Ray, )d(1,)  (3.19)

11=171=1
_ — oz 92(107277C)exp( R1112)d(10'727')
PQ,UT(G = ! f
DI IR S e s
(3.20)
000000s =0 (=0)00
lim Po(6,) =1, lim Pyor(6c) =1 (3.21)

oood
00 cO00000¢0 7000000000000 Aser(c)O

Az or(c) = — 92(15,2+,¢)d(14,2,) (3.22)

QVMAI/
DDDDDDDDDCﬁODDDAQ,UT(C)DD 2000000 A, 0000
DR G20 @X)0000 @I5) 0

Z Ng & cr 71P1 0(0 )Ccr

-2 Z > (606)(Nr07) P gr(0,¢) Az - (€)coc, (3.23)



3.1 OO0

good

—0 @23000—
0 @R 00203000000

D NGy CTRERELEVINES
11=112=1
=> > v [/92(10,2T,c>es’-Rm2d(1g,2T)

+/F1(1U,C)F1(2T,c)eS"Riwzd(lo,zT)

= Z Z V- /gg 1,,2,,c)e® Riizd(1,,2,)

i1=1142=1
+nysn. (6 =0)

— - VngnTM M. P 5:(0,¢)As 5-(c)

gogooboobogoo
G) = Z Nyn2alP(6,c)

2 2
NAVZN —1)n as M, PQM(H c) Az ;o (cC)

+> No(Ny — 1)nja (0 =0)
o=1
2
NAV

o,7=1

oFT

+ Z NoNnonraza. (0 =0)
o,7=1

oFT
O0O0O0O0ON, > 1, ¢, =N,M,/NAaVOOOO @Z) 000000

Z NUNTnUnTaaaTMaMTPQ,UT(Ga C)A2,JT(C)

59



60 30 000000

U000 e00D0O0OO0OOD0O0ODO0O0OOOe—¢e =4mpadO

pa:‘l/i:Ngngag%NAi%

o=1 o=1

go

i — i =47Na Y ""A‘;”C" (3.24)
o=1 g

gbooobooboobde,000o0an

_ Myng [ On
NeQy = 27N (80,,) (3.25)

00000000000, 0000000000000 @10 EZ)
0o

T 2
MycoPr (8, )

w2
K’ ; dcs )
_QZZ Bca) ((%T)OMUMTCUCT

o=171=1

XPQ 07(9, C)AQ o"r( ) (326)

gboooboobooobooo

2 2~ 2
K' = ;\;A’;g (3.27)
oood
200000000 (IBZ)EI)D
Ry )
K _MPl(H C)C—QM P2(9 C)A2() (328)
oooooooo
K:Kl<aﬁ) i (3 29)
dc /),

good



3.2 0DO0O0OO0ODOOO 61

Py(6,c) O Pi(0,¢c) = Pi(0) + P,Y(0)c+--- 00000 P0,0) =
Pg(a), AQ(O)EAQDDDD

Ke 1
B~ wp@) 24,Q(0)c + - - (3.30)
afalalalalalalai
Q(0) = Q2(0) — Q1(0) (3.31)
(1)
Q1(0) = 2]\4]3114213(192)@0) (3.32)
Q(0) = 33 (3.33)

00006 —0000P(0) —10Q(0) —10000

[MP1(9) + [Mp(l)(g) —2N%Py(0)As]c + - } o

1+

—1
- 2MP2(9)A . }

MP1 [
B 2M P (0 A2 - P(l) ()
_— [H

_ (0)
_MP1 +2 A2 MP?(@)]”"'

3.2 DOUOOgooo

0@EIMO000c—00

= n*2ZZV*1 /Fl(la)eS“Rim(zug)
—222/ [V /F1 »)/dR, ;,JdR, ;,



62 30 000000

0320000 s 0 Ry,
00000 @300

P(Ri,;,) =V / Fy(1,)d(1,)/dRq,,

ooogooboo

=n2 Z Z / P(Rjj)exp(s’ - Rij)dRy;

O00O0O0OO0exp(s’-R,;;) 00000000O0O0O0O0ODO

= ]. P <47T)2p s 2p _9 2p
~ | sin®(0/2)n Z(R” )
p=0 2p+ A i<j
agood
—0 @BE3»ooo—
/ 4 ,
s 'Ri1j1 = 7,Sln(0/2)RijCOSG

oo

k=0 k=0

(3.34)

(3.35)

oo .\ k
'R 1 1 [ 4m . .
e 1171 = E E(S/ . Riljl)k = E E ()\/) Slnk(6/2)Ri§COSk9/



3.2 0DO0O0OO0ODOOO 63

2m

EP D) DI (4“) st 0 1 [ o

7 j k=0
/ REP(R;)R, dR”/ cos™0'sin6’ do’
0

- 4mi 1 (™ )
2222 %l <> Slnk(9/2)<Rif>§/o cos™0'sin6’ do’

i j k=0

I = (=1)P 4m 2p- 2p 2p
_n? 0(21’“)’('> sin (9/2)21:2]}3

p=

/ R2’P(Rij)R2dR;;

0000020000000 k000 (k=2 +1)0000 0000
(k=2p)0000 1/(2p+1)0000000000

f—-0000

1672
32
00000000(S?) =n"2y, (R}H00000000000000
B3 oo

Pi()=1-— (8%)sin(0/2) + - - (3.36)

Ke 1 1672
lim

2\qin2 -
e = + 3)\’2M<S )sin“(0/2) + (3.37)

oooood

0330000000000000000,1,2,3,---,n0000000
DoOoO0o0o00o0ool,l, -+, 00000000000 RO



64 30 000000

03300200000

goo

n

R =(R) =) (17 +2 > (L1

i=1 1<i<j<n

0O000(R)HO0OD0200000000000000000000 (O
00000000 s; 0000000 8SO000)0

1 n
2 2
§=— ;:O:Si

oooobooooooooon

>si=0
1=0
b 00 00000000 Rij(: Sj—Si)DDDDDSi~Sj =

(8*+5-R,?)/20000000004,;000000000000
0 (2, >;8:-8;=000000)

2 1 2
(5%) ZWZZ<R”>

1 2
= m Z<Rij >

i<j



3.2 0DO0O0OO0ODOOO 65

ooooboooboobuooboobooboobo
(1) Gauss O

2p+ 1)
6Pp!
0000« 0000000000000000 B3R uooo

Tty (R = ij;il;) (%) (3.39)

(R2P) =

)

(li—jla®)P” (3.38)

000000000 (R%) 0 (R%)y = ne> 00000 @3H) 0000
000

Po0) =2Y (*1)1’. (4A7r> sin®? (6/2)(S%) "

< (p+2)!
2 o (—u)pt?
— ?;@W (3.40)
ODo0oo0000oo
_ <47T ? 2\ 2
u= X) (S%)osin“(0/2) (3.41)
0000002000000 (S?)=(1/6)(R*¢=(1/6)na> 00000
B.40) O
P) = %(e*“ —1+u) (3.42)



66 30 000000

gog

n

nEY (G- =nTt Y (n—j+i)(j - i)

i<j (j—i)=1
1
= np/ (1 —z)zPdx
0

» 1 1
=N _—
p+1 p+2

p!
nP
(p+2)!

00000000 —4)/n=200000000000

_ (2p+1)! (2p+1)!
2 2\p _ R2) P
; = w2l ") T Gy
2 (_q)Pt2 > (—u)P
Z(u) = (l:) —1l+u=e"—-14u
=+t =

godd

(2)000000

ooooooo sgooo

=n2 Z Z exp(s
i J
nt Z exp(s’

{ / / df'exp(s’ - r)sind’ (3.43)

0000w, 0000000 S; 00000000608 O0r00000
O00000000o0ooo PO
Py(0) = [3u"3(sinu — ucosu)]? (3.44)

475

= —sin(0/2) (3.45)




3.2 0DO0O0OO0ODOOO 67

googoood

2
s'-r= 72811&(9/2)7“ cost)’

/ﬂ dele(4ﬂi/)\')sin(0/2)r cosG’Sinol
0

4 s :
— |:_ (;LSID(Q/Q)T> e(47r1/>\ )sin(6/2)r cosf :|O

1
_ {Tsin(&/?) } [e(4m/x)sin(0/2)r _e(47ri/)\')sin(0/2)r:|

™

. —1 3
Py(0) = {Qﬂ [4m sin(H/Q)} / |:e(47ri/)\')sin(9/2)r
U | N 0
LN . 2
_e7(47m/)\ )sm(0/2)r:| T’dT}
gogod
[rewdr =@ )t = 1/a)
000 3490000000000 EuerdnOn
e” T = e®(cosy + isiny)

googood

(3)0000000000
0000000000000000

n=? ZZ / exp(s’ - R;;)sin 0'do’

2 sin(2ws Ry /A')
Z Z (27sR;j/N) (3.46)



68 30 000000

0ooo0e0s0R; 00000000
ooooooov¢0oood

¢ in(2wsr/N
Py (6) 2/0(€—r)7s (2 /)\>dr

Bzl (2mwsr /)
1 [*sing sinu 2
=— dx — (3.47)
ujyg u
2rl
u= 751n(9/2) (3.48)
good
—Note—
0@4) 0000
o
s Ry = Alf?sin(G/?)Rijcosﬂl
omi
= %SR”‘COSG/

™ ™
4 .. . ] / P / .
/ eS ‘R sin@'do’ = / e(27rz/)\ )sR;jcosf sinf@’ do’
0

0
<27T7’ >_1 (2mi/N)sR;jcosb’ "
= — v SRij e ©
0
2mi - (2wi/\)sR;; —(27mi/\)sR;;
= TsRij e b —e g

2mi o 2mi
— TSRZ'J' 21 sin TSRZ'J'

0@4n)oo0o0




3.2 0DO0O0OO0ODOOO 69

1 [ 1
:f/ Smmdx——zsinQU
0 T U
00000000200000000 200000 = (1/u?)[cos(2u) — 1]
ooogoooon

0340000000000 P(@)=PO)000000000000
006 —0000P1(6) 0 (S2)(4n/N)2sin?(4/2) 000000000
000000000000001/30000



30 000000

T T T
L s s A
i EEN 2 7
3
s o
o
2 i
4 (abere /32
| ] 1 =t .. )
i ) T s ocsin =32
y PG : o
<52 {55 e 12 P4 ¢t = Lyt

F{h—Functions for busic particks shapes

" HB)

forcoils f) ity Kods Epheres
o1 0996 0993 o598
¢z 0987 0996 088
@1 0971 0990 o378
4 ) 0983 D968
o5 o022 0973 004
i o391 0961 0928
"7 085S 0948 oW
o8 o817 5933 0831
0p o115 0914 0845
10 0736 089 0517
11 0604 057 078L
2 0652 0857 0743
11 0613 083 o707
14 0571 wa1 0667
1] 535 Q750 0-527
16 0459 0757 0387
17 G466 0745 o545
18 434 o120 0505
12 o104 0696 0265
20 0377 0633 0426
21 0352 0630 D38k
22 0328 0627 - 0350
3 o3aY 0505 P16
24 0287 0554 0282
25 0248 0563 0249
2§ 0252 0343 02>
27 0237 o524 o191
8 1 3r¥al {504 0185
28 w203 g489 0141
3 0158 473 o120

: o187 0457 00999

32 017 0443 00824
3 0167 430 00671
34 o158 417 Q0534
38 0150 o405 00420
34 2 0305 00320
31 0135 0384 o237
33 629 0375 e
30 17 036G oany
40 o117 0353 000757
41 0112 350 0D}
42 0167 343 00023
43 0103 0336 00930
44 0498 D328 400192
45 oot 4323 00000196
48 05530 0317 0026
47 o088 o3Il D004
48 0083 0306 00147
49 0080 0300 00233
50 o077 0285 D00336

034000000000


Y-EINAGA
四角形


33 02000 ((0O0OO0OOOO) 71

3.3 02000 (@0O0O0O0O0O0O0O)

000000000000000000000000000000000
0000000000000000000000

000000 M;00000000 00000000000 c¢=Y;¢
00000000 (87/dc) = (0/dc)o 000 00000000 @Z0)
00

R
?0 = Z MiCl'PLi(&C) -2 ZZMZ»MJ-AZU(C)P;U(G, C)CiCj (349)
i i 7

000000000000 w; =¢/c00000000O00O0OO M,0O
szzymw (3.50)
odo0o0ooooooooooon
1
<P1(0)>:M7W¥Miwipl,i(9) (3.51)
odoooOo220000000

A2 = Z Z Mz’MjAZijwiwj/Mv\? (352)
i g

000000 @O
Ry

—Z = My(P, —2AM e+ --- .
e w(P1(0)) oMy c+ (3.53)
000000 @36) 00
1672 .
Pi(0)=1— &N2<SQMSH(9/2)+7~~ (3.54)

gooooodod

KC 1 167T2 2 .92

" =L + G (S%).sin (9/2)+-~} + 2Asc+ - (3.55)

oooooooono

(5%)-

MLW 3 Mo (82, (3.56)



72 30 000000

O—000O02000000000
00000000000000000000 M,O0(S?).,04, 0000
OO0 ZmmOOOODOOODO BeryOOOODODOODOOODOOOO
Zimm 04000
000000 @) 0000o0ooooo

Kc 1 1672 1, 0 .

R, = — i 2) 4 .- )

<1ﬂ9)6_0 AL 3w A O s 0/2) + (3.57)
Kc 1
= =— 4+2A )
(Re)g_o ar, TAdeet (3.58)

BerryOOQOQOOQOO
0000000 200000000000000000

Ke\ /2 1A\Y2 g2/ 1 \1/2 b
(R9> _(MW> +3>\’2<Mw> (5%)2sin”(0/2) + -+ (3.59)

c=0
Ke 1/2 1 1/2
— = — AgM M 2e - - 3.60
(Ro)e_o (Mw> ATt (3.60)

00000000 wM)DDOO0O0O @) 00

<Pﬂ®>:ﬂ4{1/i]WPK&A@wUWﬁMI (3.61)
0
oooo
00000 GaussUOOOO0OOO0DO @&) 0000

Ry _ * 92 u

(M)w_A 2t =1 uMu(M)aM  (362)
O00000u=(Sk?0k = (4r/N)sin(4/2) 00 0O O

<R9> 2 / w(M) (A MK 1 L AME)AM  (3.63)
c=0 0

Kec = AR M

0000000004 =(5%),/M(=00)0000A'Mk2>10000
0000D0OMOOO0O0O000k0000000

Ro\ ., 2 1 1,
. K= —— 4+ —k .64
<Kt>r0 M, A% T A (3.64)



34 00000 73

googooboogno

-1 _ < w(M)
M, _/0 3 dM (3.65)

00M,000000000000 @84)00000000O0O0OOOO
oooooo M,00000000000O0

3.4 0OUOggn

O00000000000000000000000000e0000
P = aE" = aE exp(iwt) (3.66)

O00000000000000000 transmission axisd e, 00 000r
De. 0000000000000 OO0 NOOODOOOOO ) oo

Bec= (2) Xptp) - () 2l
- <(§>2];[{P}-e5 (3.67)

oooooooo000e, 00000 vectorDOOOOOOOO IO

167* N
€= Tp((aeo -eg))I°

= A{(aeg - ec)*)I° (3.68)

O0000000O0O0e, O E°O0DO0ODOOOOOODO

167* N

M2

oooooooo( yooooooooooooooooooooo

oono
oooooo0o0o0O0O0 O-XYZOO

A=




30 000000

74
X X

NS AEE
| /
| (2 z / 2 z
v WY h A

BELL WELL
€,

0350000000000

agood

0000000 O—-xyzO0OOOOOOODO O-XYZOOOOO (O
000)000000000O00O00O0O0oOoOooooOQ
B? 1

(1+Cosch> (3.69)

2y _ 2.2 Lo
((aeq - e¢)?) = acost + — 1+ 5

oooooooo00eUd e de. 00000000

a= %(al + as + as) (3.70)
‘= 1%[(041 —a2)” + (a2 — as3)® + (a3 — )] (3.71)
000000 @830 389) 00
I = AI° [a2cos2g0 + B72 <1 + ;cos2¢)] (3.72)
agood
Note
(3.73)

oooooooooon
PZQEO

ooooooooo Ey,0E,0000E,,=00000

00000000000
(3.74)

P’ = o/E),



34 00000 (0]

000000000 =l as D00 0OO0O0OO0OOO0O0O0O0
E, 00 E, 00000

Eox = lyx Eox + Lyx Eoy
Eoy = lyy Eor + Ly Eoy
Eoz =lpzEo,: + éyony (375)

00000 Lo
lox Lpy Loz
L=| t,x 6y 6
lx Ly L.z
000000006 (i=xy2 j=X,Y,Z)0i00 ;0000000
goooooooooooooooo

E; =LE, (E;=L"E)
D00000 @@ 00
P’ = o/LE; — L"P' = LYa'LE, = aE,
0 @7d) 00
P=L"P

oood

P’ = (a1 Eox,aFEoy,a3Eyz), E{j=LEg
gooooooboog
Py =lyxPx + Loy Py +loz Pz
= (Zixal + giYQZ + [izag)Eow

+(loxlyxar + Loy lyyas + Lozl za3) Eo,

D00000000D00000000 @880 ( Y0000 eey D
0000000000000



76 30 000000

i0 (i==y20;0 (j=X,Y,Z) 00000 ¢;00000

<£2m> _ foﬂ(COSQmei]‘>Sin9ijd9l‘j _ 1
Y foﬂ Sin@ij d&ij 2m +1
2m—+1\ __
(G;") =0
ooooooo
aon
Z (tix) + Z<£?X€§X> =1
i=x,Yy,% L,J

(2
i#£]
00000000000 oOoooo

1
(Eclise) = (Ccly) = o=

1
CirlirlinliL) = ~30

Wilik) = (lixlir) =0

gooobooogn

gboooboobobobobbooboobooboobooobobo
uboooboooooogo

Iy 2
[Vo = A<a2 + 332) (¢ =0) (3.76)

v

{,Hg = A@B?) (¢ = 90°) (3.77)



34 00000 7

IUV (IVV + IHV) 2 7 2
70 I a” + 5 (3.78)

v

obooooooooogon

Ian _ [ o 2 B? 1, _
o = Alacos™0 + —( 1+ ;cos™0 (p=106) (3.79)
I, 2 3
I 1
\?_14<B2> (¢ = 90°) (3.80)
I, 2
gooooooooon
I"=10+10=21°=21" (3.81)
Ly 1 9 T 9
L 'p 82
70 = 3 (a +6 > (3.82)
w1 2. 2 2 L o
0= 2A|:Oz cos“d + B[ 1+ 5 Cos 0 (3.83)
Iy 1 B2
IUOu = 2A|:a2(1+00829)+6(13+00529):| (3.84)

00000000 p000000OO0DOO0ODDOOOOOOOUOOOOOO
Rayleigh 0 O

R 8o, B7213+00529
DY 6 1+ cos26

B 8tipa’® 6 1-— cos267A (3.85)

M 6-TA 1 + cos26 '
ooooooooooAd
BQ
A= —— —— 3.86
a?+7B?/6 (3.86)

0000AD00000000 JTga/Iva)e—see 00000000

[D000000o0oOoooooooo]



78 30 000000

NOOOOOoOOoooDOnDO 1OODOOODOODOOODOODOOD
gooboobobotbbodlbe,=q=a000000000000000
(000000000 e)OOOO

Nn
E~e§ :ZEk~e§
k=1

= (5) Henfio(+-7)]

Nn

X Z(akeo -eg)exp(s’ - Ry) (3.87)
k=1
00000 @I)0000000000
I§ 167T4
70 = a2 (G (3.88)

<Gl> = Z Z((akeo . eg)(aleo . e5)> / P(Rkl)exp(s' . Rkl)del (389)

ko1
oboboobOooboooobobooooboooboboooobooooon

( yOoOouooOo kOlIOoOODOoOoOoOOoUoooooooooo

_ [ (eeo-e)?) (k=1000)
((areo - e¢)(aueo - €g)) = { (aeg-ec)? (k#£1000)

((aep-e¢)?) 00 @Y O0O0DOOOO0

(aeg - e¢)? = a’cos?y (3.90)
ooood
0 @EW 00
(G") = Nn(aeo - ec)?) + (aeo - e¢)? Y / PRy )e” R dRy,
it

000000 @moo
<G> = QQZZ/P(RM)GS/.RMdRM
k l

= a2(N’rL+Z/P(Rkl)es’.Rkldel)
k#l



34 00000 79

ogoooooo
Z/P(Rkl)esl'R’”dez =a %(G)— Nn
kot

gdoooooooooo

(G") = Nn[((aep - e¢)?) — (aeg - e)?] + a % (aey - e¢)*(G) (3.91)
oooooo
0 @90 @I0) 00 @2I) 000

Ie _ Lo B? L 2.2 2

[O)\4r2{N”2<1+3C0890 + na“cos’p
2N2 M2

NP (6) — Aa Py (6 3.92

x[ 1( ) NV 2 2( )}} ( )

gboooooboooooao

NM 27T2T~L02 on\ 2 Mii [ Of
c= AT 1/ K - —_ 5 no = -
NAV NaXt \0c/, 2rNa \ Oc /

goooo

r2 I, B2 1
QVI(A{Cf%:: ga%l<14-3aﬁ2¢>-+GBQ¢U%(9)—2A4A2f5aDc](393)

00000000000000
ooz, =0 (3.94)
0ooo

gbooobooboobooboboon
gbooooobooog

p=0°
7,2 IVv

VRN 0 0 F0) = 2M AP (O)e (3.95)
o = 90°
TQ IHV

WEMc IO (3.96)



80 30 000000

T2 IUV

RN o — 10+ Pu0) - 2M A Py(0)c (3.97)

obooooobooog

p=10
L@ =301+ 100329 + COSQG[P (0) —2M A3 Py(0)c] (3.98)
2VKMec I° - 3 1 o .
w =90°
r? Iy
WEMc L (3.99)
gooooooooao
7,2 IVu 7 1
WEMe 10 = 30 T 3h1(0) — MA:Py(B)c (3.100)

% I 1., o 1
—_— = = = P; —2M A5 P. 101
SV K Me 10 30 + 2(5008 0+ 5 €08 0[P (0) 2P2(0)c] (3.101)
7‘2 IUu 2 2
TRMe 0 = 136 + dcos“0 + (1 + cos“0)[P1(0) — 2M Ay Po(6)c] (3.102)
R, O0DOOODO
R
K]\"h = 64 126(1 + cos20) "' + P (0) — 2M Ay Py(0)c (3.103)
googod
f—000 % )
, c
gl_l)“[}) ng = Miap + 2A27apc+ e (3104)
googoooo
M, = M (14 76), Agap = Ap(14+76)72 (3.105)
godd
O0O0c— 0000
. Ke 1 1672, o . o
gli%R—e = o, + e (S*)apsin©(8/2) + - - - (3.106)



34 00000 81

googooboogno

S?) 9IN2§
)= 0L 3.107
v = 7076 ~ T2 (14 70) (3.107)
oooo
[DOoDO0O00DO00oO (T2
1000000000000000040000
Y=Y oy (3.108)
k=1
000040000 v107%0v 000
1
I = (=)’ +(2—73)+ (s —n)% (3.109)

2
O0oooooo( yOooooooOoooUooooooooo
1000000000 [(a1—a2)2+(a2—a3)2+(a3—a1)2]D

L =) (2= (3 —m)?)

[(a1—az)*+(az—a3)’+(az—a1)?] = -

(3.110)
0000000 B0 @M oo
2 (I'?)
B*= 1 3.111
15 n ( )
oooo
0 @E9)oon
1 2
= 5z (3.112)
O na = (Mng/2mNa)(0n/0c)o OO
(r2) 452 (on\ *
M~ 1Nz \ac ), M§ (3.113)
oooooo
0@ 00000 @39 00
’1“2 IHv 7“2 IVh _
V10 (: VIhO> = Ruy(= Rvn) (3.114)



82 30 000000

oooo
Riy = 6K Med
1674 Nac (I'?)
= T CACY 11
1M M (3:.115)
0ooo \ ,
Ry 167*Na (T
iy 16m N () (3.116)

c 150 M
0000000000 (MPO000000ooooao

3.A McMillan-Mayer [ []

coooooooooooooocOoooooOoooOooOoooOoooo 70
oobovoobooooooo 1g20--- 0000000000000 M0
NQDH-DNT(EN)DDDDDDDDDN:Z::1NSDDDDDDDDD
ooooooO0o0oooboO0oooobooOOooooOoO0oOoooOoOooobooOo rovd
pOpe0---Opy (=) 000000000000000 (Grand Partition
Function)= O

Z(u,V,T) = exp(PV/kT) (3.A.1)

oood
uboooboooobobooooooo

e SOD:00000O0DOOO: (i9)=q1;.0q2,0---Oqsi; fs
0SO00000000000000000

e SOOD0O0D N,00000000: {N,}=(1,)0(2,)0---0 (i,)0

"D(Ns)
e 000D0DOOOOO: {N}={N}O{N,}0---O{N,}
agooog

d(is) = dqui dgai, - - - dqy,i,

d{Ns} = d(ls)d(2s) e d(ls) o d(Ns>



3.A  McMillan-Mayer O O 83
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Light-Scattering Method of Determining the Second Virial Coefficient for Simple

Molecules and Oligomers’

Yoshiyuki Einaga, Fumiaki Abe, and Hiromi Yamakawa*
Department of Polymer Chemistry, Kyoto University, Kyoto 606-01, Japan (Received: September 10, 1991)

A procedure of determining the molecular weight and second virial coefficient for simple molecules and oligomers from
light-scattering measurements on a binary solution is presented on the basis of the well-established theory of fluctuations

in multicomponent systems. It consists of determining first

the total isotropic scattering from the solution and then the composition

scattering by subtracting from the former the density scattering (the Einstein-Smoluchowski term), where the values at finite
concentrations should be used for the density scattering and also for the refractive index and its increment appearing in the
optical constant, The required value of the dansny scattering is obtained by mulixplymg its observed value for the pure solvent

by the concentration correction factor that is

d from a proper r

between the refractive index and density

of the solution. From experimental results obtained for a solution of toluene in cyclohexane at 25.0 °C as an example, the

dod

assucha

.

Lorentz-Lorenz equation is

Bullough, which has often been used, is erroneous.

I. Introduction

Recently we initiated a systematic experimental study of
equilibrium conformational and steady-state transport properties
of flexible polymers in dilute solutions in the unperturbed () state,
using well-characterized samples over a wide range of molecular
weight, including the oligomer region.!? The data obtained have
been analyzed on the basis of the helical wormlike chain model*#
with a consistent determination of the model parameters for in-
dividual polymers. As a next step, we are now planning to make
a similar study of excluded-volume effects such as static and
transport expansion factors and second virial coefficients, giving
major attention to the oligomer region.

In the course of the above study, we have determined second
virial coefficients 4, from small-angle X-ray scattering mea-
surements for atactic oligomers of styrene in cyclohexane at 34.5
°C (8)° and for those of methyl methacrylate in acetonitrile at
44.0 °C (8).6 The results show that 4, does not vanish but
increases with decreasing molecular weight M, even at © (at which
A, vanishes for very large M), in the range of M where the
unperturbed mean-square radius of gyration is not proportional
to M, i.e., in the oligomer region. A similar result was obtained
also by Huber and Stockmayer,” who determined A, for the former
system from light-scattering measurements. These findings in-
dicate that the so-called two-parameter theory breaks down in
the oligomer region, as is natural. However, a quantitative dis-
cussion should be based on a correct and accurate determination
of A, For this purpose, light-scattering measurements are

*This paper is contributed to the celebration of the 60th birthday of Pro-
fessor Marshall Fixman in of his lasting to
polymer science.

Itisd ted that the multiple scattering theory by

preferable, but then measurements must be carried out on gen-
erally optically anisotropic and rather concentrated solutions of
oligomers. The object of the present paper is to resolve several
problems that are then encountered, especially in the case of
oligomers with small M or simple molecules.

‘We must first obtain the Rayleigh ratio Ry., due to the isotropic
scattering at vanishing scattering angle 6 from the total scattering
intensity including the anisotropic contribution, but this step is
rather straightforward. According to the theory of fluctuations
in multicomponent systems,®'° we must then determine the
component ARy., arising from concentration fluctuations (com-
position scattering) by subtracting from Ry., the component Ry
(the Einstein-Smoluchowski term) arising from density fluctua-
tions (density scattering) at finite concentrations. This is the most
difficult step. Indeed, with an ingenious device, Coumou and
co-workers'!'? have measured directly the derivative (9n/6p)r,,

(1) Konishi, T.; Yoshizaki, T.; Yamakawa, H. Polym. J. 1988, 20, 175.

{2) Konishi, T.; Yoshizaki, T.; Shimada, J.; Yamakawa, H. Macromole-
cules 1989, 22, 1921, and succeeding papers.

3 Ynmahwa H Amm Rev. Phys. Chem. 1984 35,23,

(4) Y: Conf and ics of Mac-
romolecules in Candznsad Systems, Nagasawa, M., Ed Elsevier: Amster-
dam, 1988; p 21.

(5) Konishi, T.; Yoshizaki, T.; Saito, T.; Einaga, Y.; Yamakawa, H.
‘Macromolecules 1990, 23, 290.

(6) Tamai, Y.; Konishi, T.; Einaga, Y.; Fujii, M.; Yamakawa, H. Mac-
romolecules 1990, 23, 4067.

(7) Huber, K.; § W. H. lecules 1987, 20, 1400.

(8) Kirkwood, J. G.; Goldberg, R. J. J. Chem. Phys. 1950, 18, 54.

(9) Stockmayer, W. H. J. Chem. Phys. 1950, 18, 58.

(10) See also: Yamakawa, H. Modern Theory of Polymer Solutions;
Harper & Row: New York, 1971,

0022-3654/92/2096-3948803.00/0 © 1992 American Chemical Society
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of the refractive index » with respect to the pressure p at constant
temperature T and composition m that appears in the term Ry.
In the present paper, we propose a simple procedure of determining
Ry without use of such an apparatus. It consists of a measurement
of Ry at zero concentration (for a pure solvent) and an evaluation
of the concentration correction factor for (8n/dp)r,, and hence
R using a proper relationship between n and the solution density,
as done by, for instance, Carr and Zimm!? for the evaluation of
this derivative for pure liquids.

In the next section, we develop basic theoretical equations
required for a determination of A4, (and also M). We then note
that although Bullough'* has developed a multiple scattering theory
inconsistent with our starting fluctuation theory mentioned above,
his theory is erroneous, as demonstrated in the Appendix. In the
sections that follow, we present experimental results obtained for
solutions of toluene in cyclohexane as an example along with an
analysis of the data following the proposed procedure.

II. Theoretical Section

We consider a binary solution which in general is optically
anisotropic and not necessarily dilute. Let R*y, be the reduced
intensity of unpolarized scattered light for vertically polarized
incident light, and let R*; be the Rayleigh ratio, i.e., the reduced
intensity R*y, of unpolarized scattered light for unpolarized in-
cident light. Here, the asterisk indicates the scattering from
anisotropic scatterers, and it is dropped for the isotropic scattering.

For a system of independent small scatterers, the reduced
intensities R*y, and R*s.,, which are often measured, are related
to the (isotropic) Rayleigh ratio Ry. at vanishing scattering angle
8 by the equations

6
Ry, = R,,:o(s_—hu)

. 6 + 6p,
R¥=r/2 = Ryl m:

where p, is the depolarization ratio as defined as the ratio Iy, /v,
of the horizontal to vertical component of the scattered intensity
at @ = =/2 for unpolarized incident light. We have also

R* 1-p,
R,a”/ =1+(1+ )cosZe ®)
=x/2

We note that these equations can readily be derived from basic
equations for the components Ij; of the scattered intensity'® and
that they are valid also for a liquid or solution if we suppose that
it may be divided into independent small regions as scatterers.
Thus eq 3 is usually employed to determine p, from the observed
R*,'> If p, is determined, we may determine Ry from eq 1
or 2 with the observed R*y, or R*s.,/>.

Now, according to the fluctuation theory by Kirkwood and
Goldberg? and by Stockmayer,” the isotropic Rayleigh ratio Ry
for the binary solution may be written in the form

m

03}

(1 + cos? 6)

Ry = Ry + ARy “)
with
2tk T on \2
Ry=——F——\ (%)
Ar ) rm
21rzn2kBTVoc(an)2 ™
ARy = T \ae)ra B ™ (6)

where kg is the Boltzmann constant, A the wavelength of the

(11) Coumou, D. J.; Mackor, E. L.; Hijmans, J. Trans, Faraday Soc. 1964,
60, 1539,

(12) Coumou, D. J.; Mackor, E. L. Trans. Faraday Soc. 1964, 60, 1726.

(13) Carr, C. I; Zimm, B. H. J. Chem. Phys. 1950, 18, 1616.

(14) Bullough, R. K. Phil. Trans. R. Soc. 1962, A254, 397; Proc. R. Soc.
1963, 4275, 271.

(15) Rubingh, D. N,; Yu, H. Macromolecules 1976, 9, 681.
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incident light in vacuum, 7 the isothermal compressibility of the
solution, 7 the ratio of the solute to solvent mass, ¥, the partial
molecular volume of the solvent, ¢ the mass concentration of the
solute, and uo the chemical potential of the solvent.

It is important to here make two remarks concerning eq 4. First,
although there have been some arguments'4'¢ about the internal
field effect on the Einstein-Smoluchowski term Ry, we believe
that its molecular theoretical basis has been given correctly by
Fixman.!” The second is concerned with the multiple scattering
theory by Bullough.'"* From the imaginary part of the complex
refractive index, he has derived an expression for the turbidity
that contains a cross term proportional to the product of (dn/3p)z,,
and (9n/dc)r,, in addition to the terms Ry and ARy.,. As shown
in the Appendix, however, this result is not correct since he has
made some simple mistakes.

Before considering the term Ry, we first rewrite eq 6. Under
the osmotic condition, the chemical potential uJ(7,p) of the pure
solvent is equated to uy(7,p+m,c) with & the osmotic pressure,
so that we have

T,p) = uo(T, )+(a“°) + Fuo
#(Tp) = uo(Topse e r,c” 3 ap

Differentiation of both sides of eq 7 with respect to ¢ at constant
T and p leads to

o _ V(ax) o 1 ¥V
o )z,  \ac)rs “ac 2" ap ac
av,
()12
dp JrA\dc|ry

where we have used the relation (3ug/dp)r,. = V,. In general,
= and ¥, may be expanded in powers of ¢ as follows:

M

. (8)

1
RT = M° + A + . %)

RT

v, 5
Vo = Vg[l 2( 6:)7%00 + ]

where R is the gas constant, V3 the molecular volume of the pure
solvent, v, the partial specific volume of the solute, and (dv,/8¢c) 1,50
its derivative at ¢ = 0.

Substitution of eq 8 with egs 9 and 10 into eq 6 leads to

(10)

Kc 1
== 4+ 24h +..
R M 24%¢ (11)
with

_ 21r2n2(6n)2
i 12)
= a4y - k0 13
2= A 13)

where N, is Avogadro’s number and 7 is the isothermal com-
pressibility of the pure solvent. It is important to see that the
light-scattering second virial coefficient A4 in general is not equal
to A,, although they agree with each other for large M. (Note
that eq 13 is equivalent to a relation derived long ago by Casassa
and Eisenberg,'® but the additional term on the right-hand side
of eq 13 is suppressed in the conventional equation.)

Now we express the ratio of Ry to its value Ry for the pure
solvent in terms of 7 and «7. This can only be done approximately
by the use of a relation between n and the solution density p,,

h(n) = constant X p, (14)
where the proportionality constant is assumed to be independent

(16) Bullough, R. X. In Proc. 2nd disciplinary Conf. El
Scattering; Rowell, R, L., Stein, R. S., Eds.; Gordon and Breach: New York,
1967, p 537.

(17) Fixman, M. J. Chem. Phys. 1955, 23, 2074.

(18) Casassa, E. F.; Eisenberg, H. Adv. Protein Chem. 1964, 19, 287.
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of the pressure p. For the function 4, various approximate ex-
pressions have been given; e.g., h = (n* - 1)/(n* + 2) (Lorentz~
Lorenz'®), (n? - 1)/(n + 0.4) (Eykman®), n - 1 (Gladstone—
Dale?'), (n? ~ 1)(2n? + 1)/n? (Oster?), and n* - 1 (Laplace®).

Corresponding to these expressions, differentiation of both sides
of eq 14 with respect to p leads to

2= 1) + 2
KT—]("_") = En__)_(n—l (Lorentz-Lorenz) (15)
Tom

ap 6n
(= 1)(n +0.4)
= — Eykman 16
Frognal  (Evkman (16)
=n-1 (Gladstone-Dale) an
n(n® - 1)2n + 1
= # {Oster) (18)
22n* + 1)
2_
=221 (Laplace) (19)
2n
Substituting egs 15-19 into eq 5, we obtain for the ratio Ry/Ryo
R n
d kgf(n) (20)

Reo  xraf(no)

where
fn) = (% - DAn? + 2)? (Lorentz-Lorenz) (21)
_ (- 1)+ 04)?

2!
Pt osn ey kman @
=n}n-~1)? (Gladstone-Dale) 23)
ni(n? - 1)}2n* + 1)?
LM e B ) 24
1) (Oster) (24)
=(n?-1)? (Laplace) (25)

and ny is the refractive index of the pure solvent.

The above development leads us to the following procedure for
determining M and 4,. As mentioned above, we first determine
Rj0, and then AR, from eq 4 with the calculated value of R;.
The latter may be evaluated from eq 20 with the observed values
of Ry, n, and k7 (and also ng and k7). Finally, we determine
M and A, from eq 11 with eqs 12 and 13 using the Berry
square-root plot** or Zimm plot.”* For the evaluation of the
optical constant K given by eq 12, note that we must use the values
of n and (3n/dc)z,, at finite concentrations ¢. The validity of eqs
21-25 may be checked by a comparison of the determined value
of M with its known correct value.

HI. Experimental Section

Test Solutions. The system examined in this work is a binary
solution of toluene (solute) and cyclohexane (solvent) at 25.0 °C,
Both toluene and cyclohexane were purified by distillation after
refluxing over sodium. Test solutions were prepared gravime-
trically just before measurements and made thoroughly uniform
by stirring. The mass concentration ¢ of toluene was calculated
from the weight fraction w by the use of the solution density p,.

Light Scattering. A Fica 50 light-scattering photometer was
used for all the measurements with vertically polarized or un-
polarized incident light of wavelength 436 nm. We measured R*y,
and R*; to determine Ry, and p, from eqs 1 and 3, respectively.
The measurements were carried out at angles 6 between 30 and
150°. As for R*y,, which must be independent of 6 for small
molecules, we adopted as its value the mean of the values obtained
at different angles. For calibration of the apparatus, the intensity

(19) Lorentz, H. A. Wiedem. Ann. 1880, 9, 641. Lorenz, L. Wiedem. Ann.
1881, /1, 70.

(20) Eykman, J. F. Recl. Trav. Chim. 1895, 14, 185.

(21) Gladstone, J. H.; Dale, T, P. Philos. Trans. 1863, /53, 317.

(22) Oster, G. Chem. Rev. 1948, 43, 319.

(23) Laplace, P. S. Traite de mecanique celeste, 1. IV, libr. X; 1821, 32.

(24) Berry, G. C. J. Chem. Phys. 1966, 44, 4350.

(25) Zimm, B. H. J. Chem. Phys. 1948, 16, 1093,
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Figure 1. Concentration dependence of p, for a solution of toluene in
cyclohexane at 25.0 °C. The filled circle represents the value for pure
toluene at 22-24 °C.!!

of light scattered from pure benzene was measured at 25.0 °C
at # = 90°, where the Rayleigh ratio R*;., of pure benzene at
25.0 °C for wavelength 436 nm was taken as 46.5 X 1076 cm™.
The value of p, at 25.0 °C was determined to be 0.41 = 0.01.

The solutions and solvent were optically purified by filtration
through a Teflon membrane of pore size 0.10 um.

Refractive Index and Its Increment. The refractive index n was
measured at 436 nm for the solutions and solvent at 25.0 °C with
an Abbe refractometer (Atago, 2T). The refractive index in-
crement (dn/dc)r, was measured at 436 nm for the solutions of
concentrations ¢ = 0-0.4 g/cm’ at 25.0 °C by the use of a
Shimadzu differential refractometer. In practice, its values at
finite concentrations were determined from measurements of An
for two solutions of slightly different concentrations.

Density. The solution density p,, required for the calculation
of the mass concentration ¢ was measured at 25.0 °C with a
pycnometer of the Lipkin-Davison type. The results (in g/cm®)
may be expressed by the equation

pw = 0.7735 + 0.0633w + 0.024w? (26)

for weight fractions w < 0.5. We note that the molar volume of
the solution calculated from eq 26 is at most only ca. 0.6% larger
than the value calculated from the values for the pure components
on the assumption of additivity of the volume.

IV. Resuits and Discussion

Values of p,, R*;,, and Ry Figure 1 shows a plot of p, against
¢ together with the value (filled circle) obtained by Coumou et
al.'! for pure toluene at 22-24 °C. It is seen that p, is very small
for pure cyclohexane (¢ = 0) but it increases rather rapidly with
increasing ¢ and connects smoothly with the value for pure toluene,
as indicated by the dashed curve.

The values of R*y, and Ry=, determined are plotted against
cin Figure 2. At ¢ = 0, the value of Ry, is only slightly smaller
than that of R*y,,, indicating that the contribution of the aniso-
tropic scattering is necessarily small for pure cyclohexane with
very small p,. However, the anisotropic contribution is seen to
increase with increasing ¢ and amount to ca. 34% of R¥y, at ¢
= 0.40 g/cm’.

Concentration Dependence of Ry As seen from eq 20, the term
Ry depends on concentration ¢ through 7 and x7. Figure 3 shows
plots of n and (dn/dc)r, against ¢. The former plot is slightly
concave upward, while the latter follows a straight line represented
by

(3n/3¢)7, = 0.081, + 0.0375¢ @n

for ¢ < 0.4 g/cm?, as indicated. The values of n calculated from
eq 27 by integration with ny = 1.4325, which are represented by
the dashed curve in Figure 3, agree with the directly measured
values, indicating that both observed values are consistent and
accurate.
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Figure 2. Plots of R*y,, Ry, and R, against ¢ for a solution of toluene
in cyclohexane at 25.0 °C. The solid curves 1-5 represent the values of
R, calculated from eq 20 with eqs 21-25, respectively.
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Figure 3. Concentration dependence of n and (8n/dc)r,, for a solution
of toluene in cyclohexane at 25.0 °C. The solid and dashed curves
represent values calculated from eq 27.

In this work, the values of «; at finite concentrations required
for the evaluation of R, are calculated on the assumption of the
additivity of the volume, which is equivalent to assuming that the
partial molar volume of each component is independent of con-
centration. That is, we calculate them from

k1 = krg + (kg = kro)fc (28)

with the values of 7 (solvent) and «r, (solute) for the pure
components, where v} is the specific volume of the pure solute
(1.1597 cm®/g for toluene at 25,0 °C). For «r, and k7, we use
the literature values, 1.14 X 107> cm?®/J for cyclohexane at 25.0
°C2 and 9.23 X 10 cm?/J for toluene at 25.0 °C.27 For the

(26) Holder, G. A.; Whalley, E. Trans. Faraday Soc. 1962, 58, 2095.
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Figure 4. Plots of (Kc/AR,=,)"/? against ¢ for toluene in cyclohexane at
25.0 °C, where the values of AR;-q have been obtained with the values
of Ry calculated from eq 20 with egs 21 (0), 22 (@), 23 (@), 24 (@), and
25 (0).

present case, the above assumption is valid in a very good ap-
proximation (for w < 0.5), as mentioned in section III.

The values of Ry calculated from eq 20 with eqs 21-25 (Lor-
entz-Lorenz to Laplace) and with the observed value of R, and
the values of # and «7 thus determined are also plotted in Figure
2. Itis seen that R, increases gradually from Ry, with increasing
¢, depending on the equation used for the function f{n). Although
this increase is not very large, ¢.g., 2-4% and 5-11% of R;q at
¢ = 0.20 and 0.40 g/cm’, respectively, it has significant effects
on the determination of M and A,, as further discussed below.

For the present case, from the rather small values of M and
(3n/dc)r,, it is anticipated that the difference between Ry-o and
Ry, i.e., the composition scattering ARy, is not large. In fact,
it amounts to only ca. 10% of R, for the solution of the lowest
concentration examined. This is the reason why we cannot reach
high dilution.

D .

ion of the Molecular Weight and Second Virial
Coefficient. Figure 4 shows the Berry square-root plots of ARg.g
against ¢, where the values of X containing n and (dn/dc)7, at
finite concentrations have been used, and the values of AR;., have
been obtained with the values of R, calculated from eq 20 with
eqs 21-25 (Lorentz-Lorenz to Laplace), as mentioned above. In
every case, the data points somewhat scatter but follow a straight
line for ¢ < 0.25 g/cm?, as indicated. Thus we can determine M
and 4" from the intercept and slope of each straight line as usual,
and then A4, from eq 13 (with RTxzo/2M* = 1.65 X 107 cm®
mol/g?).

The values of M and A4, thus determined are listed in Table
I. The best agreement between the observed value of M and its
true value 92 for toluene is obtained when we use the Lorentz—
Lorenz equation for h or f. When we use the Eykman equation,
the difference between the two values is within experimental error,
In the other three cases, the observed values of M are somewhat
or appreciably larger than the true valué. Thus we may conclude
that A4, can also be determined correctly in the manner above with
the use of the Lorentz—Lorenz or Eykman equation. This may
be expected to be in general the case with other simple molecules
and oli The present ion seems to be i i
with that of other investigators,'>?® who claim that the Eykman

(27) Freyer, E. B.; Hubberd, J. C.; Andrews, D. H. J. Am. Chem. Soc.
1929, 51, 759.
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TABLE I: Values of M and A ; for Toluene in Cyclohexane at
25.0 °C

eq for h M 10°4,, em® mol/g?
Lorentz-Lorenz 934 1.5
Eykman 975 1.5
Gladstone-Dale 99 %6 1.4
Oster 101 £6 1.2
Laplace 103+£5 1.2
0.15 T T T T
N
= ol0f 1
e ——o%o0p5—o0—oo—2_ °
[
a
<
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¥ 005 b
o L " L .

0] [N} 0.2 0.3 0.4 0.5
¢ (g/cm3)

Figure 5. Plots of (Kqc/.
at 25.0 °C.

)!/2 against ¢ for toluene in cyclohexane

equation is preferable to the Lorentz-Lorenz equation. However,
the latter concerns the value of Ry itself for pure liquids, while
in the present case, the concentration-dependent part of Ry has
effects on the determination of M and A,.

Apparent Molecular Weight and Second Virial Coefficient. In
the conventional analysis of li ht scattering data, use is made of
the excess Rayleigh ratio O and the optical constant K, de-

fined by
AR{Z, = Ry=o — Ry 29)
2m2ny? (6!1)2
30
Ko = N \de 70 (30)

Here and hereafter, the subscript 0 is used to denote the value
at infinite dilution. Figure 5 shows plots of (Koc/AR{Y,)/? against
c for the present system. The data points follow a straight line
for ¢ < 0.25 g/cm? as in Figure 4. If we calculate M and A4, from
the intercept (=M"'/?) and slope (=A4,M"/?) of this straight line
in the usual fashion, we obtain M = 125 £ 4 and 4, = -1.1 X
10~ cm®mol/g?. This value of M is ca. 36% larger than the true
value, and the value of A4, is quite different from those in Table
1. As for M, a similar discrepancy has already been found by
Sicotte and Rinfret?®® for some simple molecules.

The situation is made clear if we expand Koc/ AR, in powers
of c. If we expand Ry and K in powers of ¢ as

Ry = Ryo(1 + fre + fic? + ) 31)
K=K(1 +kc+..) (32)
then we obtain for the desired expansion
Ky 1
= + 24, .
ARD, Mo 2A4% ¢ + . (33)

with

Ryoh
Map=M(1+ KOM) (34)
o, Reh K FAY
Az-""("z 2K,JM_2TI)/(HKOM) G5

(28) Parfitt, G. D.; Wood, J. A. Trans. Faraday Soc. 1968, 64 805.
(29) Sicotte, Y.; lercl M. Trans. Faraday Soc. 1962, 58, 109!
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1{a1n f) &n &f (an)
= a2 +
2( an TW.O( ac? 2f0 an? ) rpo\8c/Tp0 Gn

S e

From eqs 34 and 35, it is seen that the difference between the
apparent molecular weight A, obtained in the conventional
manner and the true M arises from the concentration dependence
of Ry and is particularly large for the large density scattering
relative to the composition scattering, while the difference between
the apparent light-scattering second virial coefficient 4, and
its true value 4" arises not only from the concentration dependence
of Ry but also from that of X, i.e., n and (8n/dc)z,. It is also
important to see that these differences disappear only for large
M, but not otherwise, even if light-scattering measurements are
carried out on sufficiently dilute solutions.

V. Concluding Remarks

On the basis of the well-established theory of fluctuations in
multicomponent systems,®® we have developed a procedure for
determining the molecular weight M and second virial coefficient
A, for simple molecules or oligomers from light-scattering mea-
surements. It is different from the conventional method in that
we use values of the density scattering Ry, refractive index n, and
its increment (8n/dc)r,, at finite concentrations. For the evaluation
of the concentration-dependent part of Ry, the use of the Lor-
entz-Lorenz (or Eykman) equation is recommended. In some
cases,” the apparently correct M has been obtained by the con-
ventional method with the use of the values of the above quantities
at infinite dilution on the basis of the Bullough theory,'* However,
this is meaningless since the theory is erroneous, as demonstrated
in the Appendix.

The present procedure will be applied in the near future to a
determination of A, for oligomers.

where
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Grant-in-Aid (02453100) from the Ministry of Education, Science,
and Culture, Japan.

Appendix: Error in the Bullough Theory

According to Bullough,'* we consider a binary system of volume
V containing Ny and N, molecules of species 0 and 1 with isotropic
polarizabilities ety and a;, respectively. If we neglect intermolecular
correlations of higher than second order and convert the turbidity
to the Rayleigh ratio, his general expression for the latter may
be written in the form

8x¢(n? +2)*

B1n° (ag?po + i’y + ag?Goope? +

2a00:Goipopy + €,%Gy1py?) (Al)

Romo =

where we have omitted the factor relating to the internal field,
p; is the number density N;/V of species i, and G;; is defined by

Gy= flgm-11ar (a2)

with g;;(r) the pair correlation function between molecules of
species i and j as a function of separation 7.

Now we use the results for (87/8p1)r,., 7, and the partial
molecular volume ¥ derived by Kirkwood and Buff* to rewrite
eq Al as

(30) Kirkwood, J. G.; Buff, F. P. J. Chem. Phys. 1951, 19, 774.
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X $rirt + DT [ o 20 12 ) .
o = —— | —« —\ a; - —ap Jkp
§=0 81)\‘ ng T Vq 1 VO 0 TP

v, 2
(‘11 - 7;‘10) Px/(ai}l)“ ] (A3)

We assume the (Lorentz~Lorenz) equation for n (following
Bullough):

hy = = L g+ a (a4
LS whrseial R

(this A differing from that in the text by the numerical factor
3/4x). Differentiation of both sides of eq A4 with respect to N;
at constant 7,V, and N(j>i) leads to

wim| 2 =2 =01 (A5)
N, Jrvy, V !
with h’ = dh/dn. We use the relation
(3w /3y)s,
) N Ak (A6)
)z (dw/dx), .
to obtain, from eq AS
ap 5 on
— =k h’(n)(—) (A7)
Vo T ap TV.N

Vi ) an L 9n
“- 700‘0 =k (n)[(apl )T.VJVn o Vl( ap)r,m.] 49

According to Bullough, substitution of eqs A7 and A8 into eq A3
with erroneous omission of the second term on the right-hand side
of eq A8 leads to

202k T (a,,)z
R = ———— 7 2 +
8=0 N [ T o .

an an an\2 /(af)
— paid +|— —
2( ap ) mw.( dc )T-mc (BC)T, vovs / \ e e A9

Further, Bullough has regarded erroncously the derivatives

6 0 Miscellanea
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(9n/dp)ryn, and (3n/dc)ryn, in eq A9 as (dn/dp)r,, and
(9n/3c)z,, respectively. Subsequently, many investigamrsig""”
have applied this equation to analyze experimental results, further
confusing (3w /dc)r,, With (8r/dc)r,. Therefore, all these analyses
are quite meaningless.

Next we show that eq 4 with eqs 5 and 6 (of the text), i.e., the
results of Kirkwood and Goldberg® and Stockmayer® can be de-
rived from eq A1. With the results for (8u,/dp1)7,, k1, and V;
derived by Kirkwood and Buff,’® we obtain instead of eq A3

8x*(n + 2)*%sT

Romo =
=0 81N

[KT(%Pu + aipy)? +

Vi ? a
Vol ‘70% Po a_m . (A10)
i

with g, the chemical potential of species 1.
Differentiation of both sides of eq A4 with respect to p at
constant T, N;, and N, leads to

apy + ap = Krrlh'(")(a_n) (All)
0p ) 1o,

Differentiation of both sides of eq A4 with respect to /V, at constant
T,p, and N, with the relation Vypo + V,p; = 1 leads to

v |4 ( on )
a) =~ —ay = S—h(n)| —— ©(A12
YV YT Vose &) Ny [ 1o (A1)
If we substitute eqs Al1 and A12 into eq A10 with the use of the
relations
Vop
) I W(@) (A13)
0N, Jrome NV \ocry
;I poM?( du
(2), -2 o
ap, Tp N\ 9 Tp

then we arrive at eq 4 with eqs 5 and 6.

(31) Schmidt, R. L.; Clever, H. L. J. Phys. Chem. 1968, 72, 1529.
(32) Lewis, H. H.; Schmidt, R. L.; Clever, H. L. J. Phys. Chem. 1970, 74,
4377.

(33) Huglin, M. B.; Sokro, M. B. Polymer 1980, 21, 651.

(34) Kamata, T.; Nakahara, H.; Hattori, S. Bull. Chem. Soc. Jpn. 1977,
50, 2558.

(35) Soni, V. K.; Stein, R. S. Macromolecules 1990, 23, 5257.
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Table 1. Values of the Cross-Sectional Diameter d/nm
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Table 2. Values of the Stiffness Parameter A\~!/nm
E5 Eg E; Eg
Cio 35.0 75.0
Cia 12.0 14.0 14.0
14 6.0 7.0 13.0 18.0
Ci6 5.0 6.0 24.0
Cig 6.0 25.0
M,, L,, 000 d00000000000000000000D0 sOO0OOOO0DOO0300
gooo,s00000:00yj00000000,00y00:00000000D0O0C0OC0C0O0O
00000000000000000 (RISmodel) 0000000000000O00O0OOODNO
000000000000000000000000000D000000D0O0D0000OOODO
000,0000000000000000000000000000000000O0O0O0OOO
Table 3. Values of the Spacing s/nm
Cpo 112 115
Cio 1.25 1.29 1.33
Cuy 1.31 1.30 1.38 1.46
Cig 1.31 1.37 1.46
Cis 141 1.29
References: 7) T. Sato, Langmuir, 20, 1095 (2004).

1) S. Yoshimura, S. Shirai, and Y. Einaga,
J. Phys. Chem. B., 108, 15477 (2004).
2) N. Hamada and Y. Einaga, J. Phys.

8) B. Berne and R. Pecora, Dynamic Light
Scattering; J. Wiley: New York, 1976.

Chem. B., 109, 6990 (2005). 9) P. gtépzinck, ‘W. Brown, and S. Hvidt,
3) K. Imanishi and Y. Einaga, J. Phys. Macromolecules, 29, 8888 (1996).
C’hem,l B., 109, 7574 (2005). 10) T. Norisuye, M. Motowoka, and H. Fujita,
4) PYlA Emﬂ‘%flsgﬁ ézléﬁl(légﬁo):‘;« and A. Noda, Macromolecules, 12, 320 (1979).
olymer J., 37, 5).
5) Y. Shirai and Y. Einaga, Polymer J., 37, 11) H. Yamakawa and M. Fujii, Macro-
913 (2005). T molecules, 6, 407 (1973).
6) Y. Einaga, Y. Inaba, and M. Syakado, 12) H. Yamakawa and T. Yoshizaki, Macro-

Polymer J., 38, 64 (2006). molecules, 12, 32 (1979).
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J. Phys. Chem. 1992, 96, 4084-4085
Light Scattering by Solutions of Associating Polymers at Equilibrium

W. H. Stockmayer

If the various associated species are all in chemical equilibrium with
each other, so that the system contains only two components (though
many species), is it legitimate to use the standard formula [H. .C. Brinkman
and J. J. Hermans,/. Chem. Phys.1949,17, 574; J. G. Kirkwood and R. J. Goldberg,/. Chem.
Phys.1950,18,54; W. H. Stockmayer,J. Chem. Phys.1950,18,58] for scattering from a
many-component system and then introduce the condition of chemical
equilibrium only at the end, or must one introduce the equilibrium
condition at the very start and thus perhaps obtain a different scattering
formula? Since the mean-square concentration fluctuations that enter the
relation for the scattering intensity are quadratic quantities, the answer
did not seem obvious to the writer. On the one hand, one might suppose
that the standard formula, derived by treating each solute species as an
independently fluctuating component, might overshoot the correct result
if in fact the species were interdependent by virtue of the association
equilibrium; on the other hand, this very interdependence means that the
various species drag each other along, thus perhaps pruducing greater net

fluctuations of refractivity.
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It turns out that if the specific refractive index increment (di/dc) is the
same for all the species, the condition of equilibrium can be introduced
at any stage (at least for Flory-Huggins system) without altering the final
result, and so the question may after all have been trivial. However, if the
specific refractive increment (or neutron scattering length) differs from

species to species, the two approaches do not yield identical predictions.

Specific Example: Quasi-Binary Flory-Huggins System A “quasi-
binary”’system obeying standard Flory-Huggins thermodynamics is defined
as one in which all polymer species are described by the same interaction
parameter x. Using the subscript 0 to denote the solvent and & for the
polymer species k, we have the following expression for the free enthalpy
Of mixing per mole of lattice sites:

AG

NRT :%ln‘bo*Z%%lwkﬂquﬁoé (6.1)

E>1
where the ratios of molar volumes arery, = Vi /V; and the volume fractions
are

b= "E =Y dn=1-

k>1

with N = ng+)_, 7k, the n’s being number of moles. The corresponding
chemical potentials are given by

fo— 10 ¢ 1 2

AT =In(1 ¢)+¢>(1 <T>n)+x¢> (6.2)
BB g 1=y (604 20 ) 4 rined (6.3)
RT k k 0 <T>n kEXPo .

where the number-average chain length is (), = ¢/ >, v '¢r. If the
polymer is at an association equilibrium, with all the species being aggre-
gates of species 1, we have 7, = kry and py = kuq, so that from eq (©.3)
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we find the equilibrium relation

o = Kio} (6.4)
with

ku — i
RT
When this condition is applied, we now have a binary system, for which

Ky =k—14+

the zero-angle Rayleigh ratio R ( with neglect of the contribution due
to density fluctuations) is inversely proportional to the so-called osmotic
modulus (concentration derivative of the osmotic pressure). The result of
straightforward calculation with eqs (6.2) and (©.4) is

SR /)

Ry ¢RT 0¢
- + 1 2 (6.5)

o) b0 '
where the average sizes are
k
(P = L’il (r)y = w (6.6)
Zkzl k=1 ox ¢

We now take the alternative route and start from the multi-component
scattering formula in the form handiest to eq G.I)):
1 det\le|
Ro Yo 251 Sk€iAn

(6.7)

where
OO0 I p g, (mth 1)

Here Ay, is the cofactor of Gy; in the above “spinodal determinant”and

le_|:

& 1s the specific refractive increment of the kth species. From eq
, expressing the free enthalpy as a function of the solute species
concentrations, we get

G = + — =2y (6.8)
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For the case of interest, with &, having the same value for all the solute
species, we then arrive at exactly eq (6.3)), but with (r),, yet to be specified.
This is the well-known standard result for a multicomponent quasi-binary
Floty-Huggins solution. We can now finally introduce the equilibrium
value of (r),, and thus arrive at complete agreement with eqs and
(6.6)), obtained by a different sequence of operations.

General Case. The grand partition function of a system of the type
being considered is

E(T,V,u) = > Q(T,V,N) exp[B(poNo + Y e Ny)]  (6.9)
IN| E>1
where Nj is the number of molecules of the kth species, ) is the
petit canonical partition function, and § = 1/kgT. Introduction of the
equilibrium condition and the mass balance

pe =kp Y kNy=N (6.10)
k>1
reduces eq (6.9) to
E= Z Q(T,V,N) exp[B(poNo + p1N)] (6.11)
IN|

showing that the fluctuations of the solute component concentration (i.c.,
of N) can be found directly from the chemical potential ;1; of that
component or, equally well, via the Gibbs-Duhem relation, from the
potential 1 of the solvent. When the specific refractive index increment
is the same for all the solute species, these flactuations directly control the
Rayleigh scattering.

Unfortunately we have not managed as yet to follow the alternative
route (deferment of the equilibrium specification until the end) to a
final demonstration in the general case, and must leave this for a future

exercise.
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